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1 Week1

1.1 Lecture 2. Thu Aug 29

1.1.1 Subspaces, Sums, Direct Sums

In this section, let k =1,...,m,and V}, < V.

Definition 1.1 (Sum of subspaces). The sum V; + ...+ V,, :i={v1 + ... + v, | vx € Vi }-
Theorem 1.2. The sum W :=Vj + ... +V,, is the smallest subspace which contains V1, ..., V.

Proof. First, W is certainly a subset of V. Using the closure properties of V1, ...,V,,, we can show
W is a subspace of W. Each element of V}, is an element of WV, since we can take v, € V} as the
sum of vy and the identity element of V, which is contained in each V}, since they are subspaces.
To show W is the smallest subspace of V' containing each Vj, assume W’ is a subspace containing
each V. Then W < W', since subspaces contain all the finite sums of their elements. O

Definition 1.3 (Direct sums). The sum W := V; + ... + V},, is a direct sum if and only if each
element w € W can be written uniquely as a sum of v + ... + v, for v, € Vi. We write W as

Theorem 1.4 (Criteria for direct sums). A sum of subspaces W := V; + ... 4+ V,,, is a direct sum if
and only if the only way to write 0 € V as vy + ... + vy, is if each vy, = 0.

Proof. For the converse implication, suppose that the only way to write 0 in W is 0 = vy + ... + vy,
with v, = 0, for all k. Take v € W, with v = w1 + ... + um, ur € Vj, and suppose we can also write
v=wi+...+wpy, wy € Vy. Thenwe have 0 = v —v = (ug —w1) + ...+ (Um — vy ). Then we must
have u; = wy, by our assumption. O

Theorem 1.5 (More criteria for direct sums). For U W <V, U + W is a direct sum if and only if
Unw ={0}.

Exercise 1.1. Simplify (3 + 2i)(1 — ¢). State both associativity properties of vector spaces. For
S = [0, 1], what is the additive identity of F*?

2 Week 2

2.1 Lecture 3. Tue Sep 3

2.1.1 Span and Linear Independence

Definition 2.1 (Linear combinations). Suppose v1,...,v,, € V, and a1, ...,a,, € F. Then a linear
combination of vy, ..., v, ISv = a1v1 + ... + GmUm.
Definition 2.2 (Span). The span of vy,...,v, € Visspan(vi,...,vy) = {a1v1 + ... + amom | a; €

F,i € [m]}. We define span(f)) = {0}.

Theorem 2.3. The smallest subspace of V' containing vy, ...,v, € V is span(vy, ..., vpy).



Proof. Let S := span(vi,...,vn). Now, let u,w € S. Write u = a1v; + ... + amvm, and w =
bivi + ... + by, for a;,b; € Fi € [m]. Then u 4+ w = (a; + b1)vy + ... + (@m + bm)vm, and since
each a;, b; are scalars, we know that a; +b; € IF, so that u+w is a linear combination of vy, ..., v,,. A
similar proof shows that S is closed under scalar multiplication. To show S contains vy, . . ., v;,, note
that each v, is a linear combination of vy, ..., vy, in the form of v; = Ovy + ...+ 1v; + ... 4 Ovyy, for
each j € [m]. To show that S is the smallest subspace containing vy, ..., v,,, let S’ be a subspace of
V containing v1,...,v,,. Then S’ is closed under addition and scalar multiplication, and it follows
that S is contained in S’. O

Example 2.4. The standard basis vectors e; = (1,0,0),e2 = (0,1,0),e3 = (0,0, 1) span R3.
Example 2.5. The polynomials 1, z,...,z™ span P,,.

Definition 2.6 (Finite dimensional vector spaces). A vector space V is finite dimensional if it is
spanned by a list. Otherwise, V is infinite dimensional.

Definition 2.7 (Linear independence). A list of vectors vy, ..., v, € V is said to be linearly inde-
pendent if the only way to express the zero vector 0 in V' as a linear combination of vy, ..., v, is if
0=a1v1 + ...+ antm, aj = 0,V;j € [m]. If this condition is not satisfied, then vy, ..., vy, is said to
be linearly dependent.

Example 2.8. A single vector v € V is linearly independent if and only if v # 0.

Example 2.9. The list v1,v2 € V is linearly independent if and only if neither are scalar multiples
of one another.

Example 2.10. The monomials 1, z,...,z™ € P are linearly independent.

Example 2.11. Any list containing 0 is linearly dependent.

Theorem 2.12. Let vy,...,v,, € V is a linearly dependent list of vectors. Then there exists some
J € [m], such that v; € S :=span(vy,...,Vj—1,Vj+1,. .., Un), and span(vy, ..., vpy) = S.
Proof. Because vy, ..., v, are linearly dependent, there is some non-trivial representation of 0.

Suppose 0 = a1v1 + ... + apvm, With some a; # 0, j € [m]. Solving for v; yields

—aq aj—1 aj+1 am
Vj=—"U1 —...— Vj—1 — Vj4+1 — -+« — —Um.-
aj aj aj aj
Then v; € S. Showing S C span(vi,...,vy) is trivial. Suppose that v € span(vi,...,v,). Then

v = a1v1 + ... + amvm, for a; € F,i € [m]. We have shown there is some v; € S for j € [m],
so suppose v; = bjvi + ...+ bj_1vj—1 + bj41vj41 + ... + AmUm, for b; € F,i € [m],i # j. Then
V= (a1 —|—ajb1)7)1 +...+ (CL]’,1 —|—ajbj,1)vj,1 + (aj+1 —I—ajij)UjH +...+ (am —|—ajbm)vm. Therefore,
veES. O

Theorem 2.13. In a finite dimensional vector space V, the length of any linearly independent list is
bounded by the length of any spanning list of V.

Proof. Suppose U = {uy,...,u, € V} are linearly independent, and B; = {wy,...,w,} spans V.
Consider uy,wy, ..., w,. Since By spans V, we have u; € span(Bj). Therefore, u;,ws,...,w, is lin-
early dependent. Also, note that because U is linearly independent, each w; # 0, for ¢ € [m]. Also,
in 0 = byu1 + a1wi + ... + a,wy, there must be some a; # 0, for j € [n]. WLOG, assume a; # 0.
Then span By = span(uj,ws,...,w,). At the jth step of this process, we will have some B; =
{u1,...,uj_1,wj, ..., w,}, which spans V. Therefore, u; € span Bj, and u;, B; is a linearly depen-
dent list. We repeat the process described earlier to yield that span B; = {u1,...,uj, wjt1,...,wn}.
After the nth step of this process, we shall have B,,, = {u1, ..., um, Wmt1,---, Wn}. O
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Theorem 2.14. Every subspace of a finite dimensional vector space is finite dimensional.

Proof. Let dimV < oo, U < V. If U = {0}, then dimU < oo. Otherwise, choose 0 # v; € U.

In the jth step of this process, let U = span(vi,...,vj ), then dimU < oco. Otherwise, choose
vj # 0 € U \ span(vy,...,v;—1). By the previous theorem, vy,...,v;, j < dimV < oco. Therefore
this process terminates after a finite number of steps. O

2.2 Lecture 4. Thu Sep 5
2.2.1 Bases
Definition 2.15. A basis is a linearly dependent and spanning set of vectors in V.

Theorem 2.16. The set of vectors vi,...,v, is a basis of V if and only if Vv € V,3la; s.t. v =
ai1v1 + ...+ apUp.

Theorem 2.17. Every spanning list of vectors in V' can be reduced to a basis of V.

Proof. Let By := vy,...,vy, span V. If By is linearly independent, then we are done. Otherwise,
we have that 0 = ajv1 + ... 4+ @, for a; not all 0, i € [m]. WLOG, assume that a,, # 0, so that

we may write
Am—1

ay
Umpm = —v1+ ...+
am am

Um—1,

so that V' = span B = span(vy,...,v,-1) := Bi. Repeating this process guarantees we will termi-
nate with a basis of V. O

Corollary 2.17.1. Every finite dimensional vector space V has a basis.

Proof. By definition of a finite dimensional vector space, V' is spanned by a spanning list of vectors,
which we may reduce to a basis of V. O]

Theorem 2.18. Let V be finite dimensional. Then every linearly independent list of vectors in V can
be extended to a basis of V.

Proof. Let vy,...,v, € V be linearly independent, and let ws,...,w,, be a basis of V. Then
{v1,...,Up,w1,...,wy} spans V. Reusing the technique shown in the proof for Theorem 2.17,
it remains to note that we can retain all the v;’s, since they are linearly independent. O

Theorem 2.19. Let U < V, for V a finite dimensional vector space. Then there exists some W <V,
such thatV=U @ W.

Proof. Let B, := uy,...,u; be a basis of U, and because B, is linearly independent, we can
extend it to a basis of V' by adjoining the vectors B,, = w1, ..., w;. Define W = span(ws, ..., w,).
Then W < V. First, we shall show that V = U + W. Letuw € U,w € W, and since U <
VW < V,u+w € V. Also, take v € V, and since B, U B,, is a basis of Vi we know that
v=aiul + ...+ amum + bjwi + ...+ b,w,, for some scalars a;,b; € F. It is clear then that v is the
sum of an element of U, and an element of W, so thatv € U + W.

To show that UNV = {0},letv e UNB C V. Thenv € U and v € W, so that v = aju; + ... +
AmUm = bjwy + ... + byw,, but also

O=v—v=ajuy + ...+ aplym — bywy — ... — bpwn,

and since B, U B,, spans V, each coefficient must be 0 so that v = 0.



2.2.2 Dimension
Theorem 2.20. Any two bases of a finite dimensional vector space V have the same length.

Proof. Let By, By be bases of V. Then By, B; is linearly independent and both spans V. By Theo-
rem 2.13, the lengths of By, B; bound each other, so that they must have equal length. O

Definition 2.21. The length of basis of V' is called the dimension of V'
Example 2.22. Since 1,z,...,2° is a basis of P5, dim P5 = 6.
Theorem 2.23. If U <V, for V a finite dimensional vector space, then dimU < dim V.

Proof. A basis of U is a linearly independent set of vectors in V. Extending this basis of U to a
spanning set of V, and applying Theorem 2.17 yields our result. O

Theorem 2.24. Let V be a finite dimensional vector space. Let B := vy,...,v, € V. Then any two of
the following shall imply the third:

1. dimV =n,
2. Bspans'V,
3. B is linearly independent in V.

Proof. Statement 2 and 3 are the definition of a basis, implying statement 1 immediately. For
statement 1 and 3, when extending B to a basis of V, we are not including any new vectors
because we already have n of them. Statement 1, 2 imply statement 3 in analogy. O

Theorem 2.25. Let Ui,Uy < V. Then dim(U1 + UQ) =dimU; +dim Uy — dim(U1 N UQ).

Proof. Let B := vy, ...,v, be a basis of U; N Us. Let n := dim(U; N Us). Then B extends to a basis

of Uy, callit vy, ..., v, u1,...,u;, we that dimU; = n+ j. Analogously, let vy, ..., v,, w1, ..., wy be
a basis of Uy, so that dim Uy = n + k. We want to prove that vi,...,v,,u1,...,uj,wy,...,w; is a
basis of U; + Us, since then dim(U; + Us) =n+j+k=(n+j)+(n+k)—n=dimU; + dimUs —
dim Uy N Us. O]
3 Week 3

3.1 Lecture 5. Tue Sep 10
3.1.1 Linear Maps

Definition 3.1. A linear map or transformation is a function 7' : V' — W such that for u,w € V,
andcelF, T(u+w)=T(u)+T(v), and T(cv) = cT'(v).

Definition 3.2. Denote by £(V, W) the set of all linear maps from V' to W.

Theorem 3.3. Let vy, ...,v, be a basis of V, and wy, ..., w,, be a basis of W. Then there exists a
unique linear map T' € L(V, W) such that T'(vj) = w, for j € [m].



Proof. Let v! € V. Then because the v;’s are a basis, there exists scalars ¢; € F such that v! =
civy + ...+ ¢t vy, Define T(vt) = T(civy + ...+ ctvm) = ciwy + ... + ¢l wy,. Since T is defined
on each element of V, T is a map. To show that 7 is a linear map, let v!,v%? € V, a € F. Then

T(v' + av?) = T(civr + ...+ chvm + actvy + ... + act,vp)
(el + ac?)vy + ... + (c) + ac?))vm)

(

4+ acw + ...+ (ch, + ac)wn,
1
1

For uniqueness, suppose 7 satisfies T'(v;) = wj, for j € [m]. Then by the unique representation of
basis vectors, T'(v) = T(civ1 + ... + chwy) = a1T(c1) = ... + T (V) = cqwy + ... + Wy, SO
that 7" is uniquely defined on span(vy, ..., v,). O

Theorem 3.4. For S,T € L(V,W), a € F, define S+ T by (S+T)(v) = S(v) + T'(v), and define oS
by (aS)(v) = a(S(v)). Then L(V, W) is a vector space.

Definition 3.5. For S € L(V,W), T € W, W, define T'S by (T'S)(v) = T(S(v)). Also, TS € V, W.
Theorem 3.6. For S,T,U € L(V,W),

1. S(TU) = (ST)U,

2. I € L(V,W) is the multiplicative identity.

Note. As an aside,

but

3.2 Lecture 6. Thu Sep 12
3.2.1 Null Space, Range
Definition 3.7. For 7' € L(V, W), nullT ={v € V | T(v) =0} = ker 7.

Example 3.8. The null space of the backward shift 7'(z;, z2,...) = (x2,...) isker T' = {(1,0,...) |
1 € ]F}

Example 3.9. The null space of the derivative operator D on P(R) is ker D = {c | ¢ € F}, the
constant functions.

Theorem 3.10. The null space of T is a subspace of V.

Theorem 3.11. Suppose u,v € kerT. Then T'(u + v) = T(u) + T'(v) = 0+ 0 = 0. Also, for ¢ € F,
T(cu) = cT'(u) = c0 = 0.

Theorem 3.12. For T' € L(V,W), T is injective iff ker T' = 0.



Proof. If T is injective, since T'(0) = 0, ker 7' = 0. If ker T" = 0, then let u,v € V, and T'(u) = T'(v).
If u# v, thenu — v # 0, so that T'(u — v) = T'(u) — T'(v) = 0, contradicting ker 7" = 0. O

Definition 3.13. Let 7' : X — Y, forsets X,Y. Then T hasrangeT = {w € W | Jv € V,T(v) = w}.
Theorem 3.14. If T € L(V,W), then range T < W.

Proof. Let u,v € rangeT. Then T'(up) = u, and T'(vg) = v,for ug,vg € V. Then T'(up + vg) =
T(up) +T(vo) =u+v=u+v€erangeT, and T(cug) = ¢TI (ug) = cu = cu € rangeT. d

Theorem 3.15 (Linear Maps, Fundamental Theorem of). Suppose dimV < oo, T' € L(V,W). Then
range T is finite dimensional, and also dim V' = dimrange T" + dim ker 7.

Proof. Extend the basis uq, ..., u, of nullT to a basis ui,...,Umn,v1,...,v, of V. Then dimV =
m + n. We want to show that dimrangeT = n < oo. It suffices to prove Tvy,...,Tv, is a basis
of rangeT. Let v € V. Then v = ) ajuj + > bv;, so that T'(v) = > a;T(uj) + > b1 (v;) = 0+
> b;T(v;). Therefore, any vector T'(v) € range T is a linear combination of the vectors Tvy, . .., Tv,.
Let 0 = ZCzT(Uz) = T(Z CZ'UZ') = Zcivi = ijuj = ZCZ'UZ' + Z(—bj)u]' =0= Ci’S are all
Zero. O

Theorem 3.16. Suppose dim W < dimV < oo, and T' € L(V, W). Then T cannot be injective.

Proof. We know dimker T = dim V' — dimrange T = dimker 7" > dim W — dim W = 0. O
Theorem 3.17. Suppose dim V' < dim W < oo, and T' € L(V,W). Then T cannot be surjective.
Proof. We know dimrangeT = dimV — dim T = dimrangeT < dim W. O

Theorem 3.18. A homogeneous system of linear equations that has more variables than equations
has a non-trivial solution.

Theorem 3.19. An inhomogeneous system of linear equations with more equations than variables has
no solutions for some choice of constant coefficients.

4 Week 4

4.1 Lecture 7. Tue Sep 17

Theorem 3.18. For A € F™", write

A A - A,
A= .. ..
Aml Am2 e Amn
Then the rows of Az = c are .
> ope Ak c1
Zzzl Ampry Cm,

Reinterpreting our left hand side using 7" : F" — F™ given by
T(z) = (Z Apzr, ..., Z Amk:rk>,
k=1 k=1

8



(and one may verify 7' is a linear map) we note that since n > m, T' cannot be injective. The null
space of T is the set of all x such that x is a solution to our homogeneous system. O

Theorem 3.19. Reusing the same linear map T as described above, since m > n, T cannot be
surjective. Therefore, there is some ¢ which does not have an x mapped to it by 7. O
4.1.1 Matrices of Linear Maps

Definition 4.1. The matrix representation of 7' € L(V, W) with respect to the basis v1,..., v, of
V, and the basis wy, ..., w, of W is the m x n matrix A := M(T, (vy,...,v1),(w1,...,wy)), where
T(Uk) = Apwr + ...+ Appw,.

Example 4.2. Let D € L(Ps3,P2) be the derivative mapping with the bases 1,z, 22, 23 of P3 and
1,2, 22 of Py. The matrix A = M(D, (1,z,2% 23), (1, z,2%)) is written

0
A=1|0
0

o O =

0
2
0

w o O

Theorem 4.3. For S,T € L(V,W),and A € F, M(S +T) = M(S) + M(T), and M(\S) = AM(S).
Theorem 4.4. For m,n € N, F"™" is a vector space of dim F"™" = mn.

Proposition 4.5. Let A € ™", B € F™P. Then

A A - A Bi1 Bia -+ By
Aml Am2 Amn Bnl Bn2 Bnp
n

:ZAjrBrk-

r=1

Definition 4.6. Write A;. be the jth row of A. Let B. ; be the kth column of B.
Proposition 4.7. We have (AB)., = AB..
Pl'OpOSitiOl’l 4.8. For A € F™"™ ¢ € F", (Ac)j = Ajlcl + ...+ Ajncn.

Theorem 4.9. The composition of two linear maps S € L(V,W), T € L(U,V) is given by M(ST) =
M(S)M(T).

Proof. Let uy,...,u, be a basis of U, vy,...,v, a basis of V, and wy,...,w,, a basis of W. Write
A = M(S,{vi},{wi}), and B := M(T,{u;},{v;}). Then we want to show M (ST, {u;},{w;}) =



M(S, {v:}, {w;)) M(T, {us}, {v;}). By definition,

(ST)uy = S(Tuy)

=S5 i Brkvr
r=1

= Z Brk(svr)
r=1

= Z Brk < Z Ajrw])
r=1 7j=1

= Z ( Z BrkAjr> wy
j=1 “r=1

= (AB)j.

4.1.2 Discrete Dynamical Systems

Definition 4.10. Let {x,,} be a sequence of vectors such that z is defined as a starting vector, and
g1 = Axy, for all k € N, for A € F™™, and x, € F". Then {z,} is a discrete dynamical system,
and we sometimes call 251 = Az the recurrence relation of the system.

Proposition 4.11. We have for {z,,} and a recurrence relation xy, = Axy, that xj,1 = A¥lxg.

Example 4.12. Define yy = y; = 1. Define yp.o = yr+r1 + yy forall k € N. Let g = <y1> Define

Yo
Yk+2 f . 1 1
Th+1 = Yers )" In fact, we can write x;,1 = Tjee

Now, since A is real and symmetric, let A1, A2 be eigenvalues of A corresponding to v, vo eigenvec-
tors of A. Write xg = civ1 + cov9. Now,

k+1 k+1
Tht1 = ARt xro = AFT (611)1 +CQU2)
— e AR oy ARy,

= Cl/\lf+11)1 + 02)\k+1’02.

4.2 Lecture 8. Thu Sep 19
4.2.1 Invertibility and Isomorphism

Definition 4.13. A linear map 7' € £(V, W) is invertible if and only if there exists S € L(WW,V)
such that ST = Iy, and T'S = Iyy. Then S is the inverse of T, written 7.

Definition 4.14. An invertible linear map is called an isomorphism. In particular, if there exists an
invertible linear map from V to W, then V = W.

Theorem 4.15. If T € L(V, W) is invertible, then its inverse T~! is unique.

Proof. Let S1,S, be inverses of T. Then S; = 511 = 5175 = S5 = Ss. O

10



Theorem 4.16. Let T' € L(V,W). Then T is invertible iff T is bijective.

Proof. Let T be invertible. Then suppose u,v € V, with Tu = Tv. Then T~ 'Tu = T"1Tv = u = v.
Hence, T is injective. Let w € W, then w = TT 'w = w € rangeT. Now assume T is bijective.
Then we can construct an inverse S : W — V, where we define Sw = v, for w € W, and
v € T71({w}). However, [T~ ({w})| = 1 since T is bijective, so v is unique, and S is well defined.
It is easy to verify S is a linear map. For v € V, STv = Sw = v, and TSw = Tv = w. Thus,
S=T""1 O

Theorem 4.17. Two finite dimensional vector spaces are isomorphic if and only if they share the same
dimension.

Proof. Suppose V,W are isomorphic. Then let 7" : V' — W be invertible. Then ker7 = {0} and
rangeT = W. Then dimV = dimT + dimrangeT = dimV = dimW. In the other direction,
suppose dim V' = dim W. Then write v1,...,v, to be a basis of V' and write w,...,w, be a basis
of W. Using the unique linear map lemme, let 7" € £(V, W), so that Tv;, = wy, k € [n]. First, let
vekerT. Then0=T(v) =T(civ1+ ...+ cpvn) = c1Tvr + ...+ e, Tv, = cowr + ... + cpwn, = ¢S
are zero = v = 0 = T injective. Since dim V' = dim W, and T is injective, 7" must be surjective.
Hence, T is invertible, and V, W are isomorphic. O

Theorem 4.18. If dimV < 0o, T € L(V), then T injective < T surjective < T invertible.

5 Week 5

5.1 Lecture 9. Tue Sep 24
5.1.1 Polynomial Interpolation

Theorem 5.1. Given xg,z1,...,z, € R, dll distinct, and yo, y1, . . . , yn, there exists a unique polyno-
mial p(z) such that p(z;) = y;, forall j € {0,1,...,n}.

p(z0)

plT
Proof. Suppose T : P, — F**! so that T(p) = (, ) . It is clear that T is linear, and that

p(zn)
dim P,, = dimF"*!, so for T to be a bijection it is enough to show T is injective. Suppose T'(p) = 0.
Then p(z;) = 0, for all j € {0,1,...,n}. This implies that p has n + 1 distinct roots, but by the
fundamental theorem of algebra, we know that p has at most n distinct roots. Therefore, p must be
constant, in fact, p must be the 0 polynomial. Therefore, T is a bijection. O
5.1.2 Duality
Definition 5.2. A linear functional on V' is a linear map from V to F.
Definition 5.3. The dual of V, written V”, is the set of all linear functionals from V to F.
Theorem 5.4. The dimension of dim V"' is equal to dim V' (dim V’ = dim V dim IF).
Proposition 5.5. The dual basis of a basis v1,...,v, of Vis ¢1,...,¢n € V' s0 that ¢ (v;) = 0k;.

Example 5.6. The dual basis of ey, ..., e, of F” is such that i ((z1,...,zy)) = zk.

11



Theorem 5.7 (Representation theorem). Let ¢4, ..., y, be the dual basis of vy, ...,vg. ThenVv € V,
n n

v = Z(pk(v)vk. Also,Vf eV, f = Zf(vk)gok.

k=1 k=1
Example 5.8 (Fourier representation of real-valued functions on [—7, ]). Suppose
f(l') _ ZAk eims7
v]S

where

1 " —ikx
A = 27T/ﬂf(a?)e R .
@S

n
Proof. We will prove the first statement. For every v € V, write v = Z c;v;. Then
i=1

ep(v) =¢ < ZZ:; cm-)

n
=3 cipnlv)
=1

= Ck.
[

Theorem 5.9 (Proof of Proposition 5.5). The dual basis of a basis of V' is a basis of V.
Proof. Given vy, ...,v, a basis of V, suppose its dual basis is ¢, ..., ¢,. Since dimV = dim V", it
suffices to show that ¢1, ..., y, is linearly independent. Write z": appr, = 0. Applying this to v,
we find 0 = 0(v;) = 37, axpr(v;) = a;. = 0

Definition 5.10. The dual map of 7' € L(V, W) is the map 7" € L(W', V") such that T'(p) = ¢ o T,
for all p € W'.

Theorem 5.11. Suppose dimV < dim W < oo, and T € L(V,W). Then M(T") = M(T)*

5.1.3 Polynomials

Note. Recall that for a complex number z = a + bi, its conjugate z = a — bi. Also, |z| =
VRe 22 + (Im 2)2

Proposition 5.12. If z,w € C,
1. 2+z=2Rezand z —z=2Imz,

2. |Rez| < |z],|Imz| < |z|,

12



4. |zq| = [2[|w],
5. |z+w| < |z| + |w.

Theorem 5.13. Let p € P(FF) be a polynomial of degree m € Ny, and \ € F. Then p(\) = 0 <
dq € P(F),degq = m — 1, such that p(z) = (2 - A\)q(z),Vz € F.

Theorem 5.14. If p, s € P(FF), with s # 0, then there exists unique q,r € P(F), such that p = sq +,
with degr < degs.

Theorem 5.15 (Fundamental theorem of algebra). Every nonconstant polynomial p € P(C) has
deg p roots in C.

Theorem 5.16. If p € P(C) with real coefficients satisfies p(\) = 0, for A € C if and only if p()).

Proof. For p(z) = Y_7_a;2 satisfying p(\) = 0, we have
0=0=p\)=> aN
=1

= Zaijxj
=p(X).
]

Theorem 5.17. A non-constant polynomial p € P(R) has a unique factorization into at most quadratic
factors, where each quadratic factor has discriminant less than zero (irreducible over R).

Proof of triangle inequality over C (Item 5). We know for z,w € C,
|z +wl* = (z 4+ w)(z +w)
= |2> + 2w + wZ + |w|?
= |2]> + 2Re(2®w) + |w|?
< |2[* + 2| Re(zw)| + Jw|?
< [P + 202w + w]?
= (|2] + |w]).

5.2 Lecture 10. Thu Sep 26
5.2.1 Determinants (Linear Algebra Done Wrong)

Some motivation: for n vectors in R™, vy, vs, ..., v,, the determinant

13



represents the volume of the parallelepiped spanned by the v;’s. The idea is that the height of this
parallelepiped is the distance of one vector to the subspace spanned by the other v;’s, and the base
of this parallelepiped is the (n — 1)-dim volume of the parallelepiped spanned by the remaining
vectors. The sign of this determinant tells us about the orientation of these vectors. Ideally, we
want this determinant to have linearity in each vector: that is

1. D(viyeeo Uk + Uy ooy Un) = d(V1, oy Ve oo V) F d(V1, oy Ukey ooy Up)s
2. D(vi, ..., qup, ..., un) = aD(vi, ..., Uy .oy Op),
3. D(v1,...,vj + avg, v, vp) = D(v1,...,0j,...,0p).
Note that 2 and 3 antisymmetry:
4. D(vi,...,05,...,05,0p) = =D(V1,..., U, ..., Vj, ..., Up).
To show this, we have
D(...,vj,...,0,...) =D(...,v5,...,0p —vj,...) 3)
:D(...,vj+vk—vj,...,vk—vj) (3)
:D(...,vk,...,vk—vj,...) (3)
:D(...,vk,...,—vj) (2)
=—D(..,0%...,0j). 2

We also want something called normalization:
5 det(l) = D(e1,...,en) = 1.

We now want to construct a function which has these properties. We would also like to show that
this function is unique. Assume we have a function D that satisfies 1, 3, and 5.

* If A has a zero column, then det A = 0 (prove with 2).
* If A has two equal columns, then det A = 0 (prove with 3).
* If one column of A is a scalar multiple of another, then det A = 0 (prove with 3).

¢ If the columns of A are linearly dependent, then det A = 0 (prove with 3).

Proposition 5.18. The function D we have described is invariant under adding to one column a linear
combination of the others.

Proposition 5.19. The determinant of a diagonal matrix is simply the product of its diagonal entries.
Corollary 5.19.1. The determinant of an upper triangular matrix is the product of its diagonal entries.
Theorem 5.20. A matrix A has determinant O if and only if A is not invertible.

Through some calculations, we conclude that
det A= Z Aj,l(—l)j-H det |:CO(AJ',1)] s
j=1

where co(A;1) is the (n — 1) x (n — 1) principal submatrix obtained from A by deleting the first
column and jth row of A. We can conclude the cost of calculating the determinant of an n x n
matrix (using only repeated co-factorization) is O(n!).

14



6 Week 6

Exam week. But I'll put notes about things not covered in Axler here.

6.1 Column Rank Equals Row Rank

Theorem 6.1 (Matrix multiplication as linear combinations of columns). Suppose C' is an m-by-n
matrix, and R is a c-by-n matrix.

1. If k € [n], then column k of CR is a linear combination of the columns of C, with the coefficients
of this linear combination coming from column k of R.

2. If j € [m], thenrow j of CR is a linear combination of the rows of R, with the coefficients of this
linear combination coming from row j of C.
Proof. Let k € [n]. Then column & of C'R equals CR. ;;, which equals the linear combination of the
columns of C' with coefficients coming from R. ;. Thus, 1 holds. The proof for 2 is similar. O
Definition 6.2. Let A be an m-by-n matrix with entries in F.
1. The column rank of A is the dimension of the span of the columns of A in F"!.
2. The row rank of A is the dimension of the span of the rows of A in F'",

Note. If A is an m-by-n matrix, then the column rank of A is at most n, and the column rank of A
is also at most m (because dim F™! = 1). Similarly, the row rank of A is also at most min{m, n}.

Definition 6.3. The transpose of the matrix A, denoted by A?, is the matrix obtained from A by
interchanging rows and columns. Specifically, if A is an m-by-n matrix, then A’ is the n-by-m
matrix whose entries are given by the equation

(Akj = Aj-
Proposition 6.4. The transpose has some pretty nice algebraic properties:
1. (A+B)!= A+ B!,
2. (AA) = \A,
3. (AC)t = CtAY,
for all m-by-n matrices A, B, all X\ € F, and all n-by-p matrices C.

Theorem 6.5 (Column rank factorization). The following is the key towards proving that column
rank is equal to row rank. Suppose A is an m-by-n matrix with entries in ¥, and column rank ¢ > 1.
Then there exists an m-by-c matrix C and a c-by-n matrix R, both with entries in F such that A = CR.

Proof. Each column of A is an m-by-1 matrix. The list Ay, ..., A, of columns of A can be reduced
to a basis of the span of the columns of A. Let the length of this basis be ¢. Put the ¢ columns of
this basis into the m-by-c matrix C. If k£ € [n], then the column k of A is a linear combination of
the columns of C'. Make the coefficients of this linear combination into column k of a ¢-by-n matrix
that we call R. Then A = CR. O
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Theorem 6.6 (Column Rank Equals Row Rank). Suppose A € F"™. Then the column rank of A
equals the row rank of A.

Proof. Let ¢ denote the column rank of A. Let A = C'R be the column-row factorization of A, where
C is an m-by-c matrix and R is a ¢-by-n matrix. Then Theorem 6.1.2 tells us that every row of A is
a linear combination of the rows of R. Because R has ¢ rows, this implies that the row rank of A is
less than or equal to the column rank ¢ of A. To prove the inequality in the other direction, apply
the result in the previous paragraph to A’, getting

column rank of A = row rank of A?
< column rank of A?
= row rank of A.

Thus the column rank of A equals the row rank of A. O

Definition 6.7. Because the column rank of A equals the row rank of A, we can simply dispense of
the terms column rank and row rank, and use the term rank of A. Define the rank of A to be the
column rank of A.

6.2 Change of Basis

Theorem 6.8 (Matrix of product of linear maps). Suppose T' € L(U,V) and S € L(V,W). If
UL, ..., Uy IS abasis of U, vi,...,v, is a basis of V, and wy, ..., wy is a basis of W. Then

M(ST, (w1, ..., um), (wi,...,wp)) = M(S, (vi,...,00), (Wi,...,wp) )M(T, (u1,...,un), (vi,...,0)).

Theorem 6.9 (Matrix of the identity with respect to two bases). Let uq,...,u, and vy,...,v, be
bases of V. Then the matrices

M, (ury .y un), (V1,2 vp)), and M(I, (v1, ... 0n), (U1, ... uy)),
are invertible, and each is the inverse of the other.
Proof. In Theorem 6.8, replace w;, with u; and replace S and T with I, yielding
I=M(, (v1,.y0n), (U1, ooy un) )M (ur, o), (V1,2 00)).
Interchanging the role of the u’s and the v’s yields
I =M, (up,...,up), (v1,...,00)) ML, (v1,...,00), (U1,...,up)).
These two equations above give the desired result. O

Theorem 6.10 (Change-of-basis formula). Suppose T' € L(V'). Suppose ui,...,up, v1,...,v, are
bases of V. Let
A= M(T,(ui,...,uy)) and B = M(T, (v1,...,v,)),

and C = M(I, (uy, ... ,un), (vi,...,v,)). Then A= C~1BC.
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Proof. In Theorem 6.8, replace wj with u; and replace S with I. Then
A= C_IM(T, (Ury .oy tp), (V1. .., 0n)),

where we apply the result of Theorem 6.9. Again, use Theorem 6.8, this time replacing wy, with v,
and instead, replace 7" with I, and replace S with T, yielding

M(T, (u1,...,up), (vi,...,vy,)) = BC.
Then A = C~'BC. O

Theorem 6.11 (Matrix of inverse is inverse of matrix). Suppose that v1,...,v, is a basis of V and
T € L(V) is invertible. Then M(T~') = M(T)~!, where both matrices are with respect to the basis
Viy.-.yUne

7 Week 7

7.1 Lecture 11. Tue Oct 8
7.1.1 Eigenvalues

Definition 7.1 (Invariant Subspace). Let 7' € £(V). Then U < V is invariant under T iff when
u € U,wehave Tu € U.

Note. Does every bounded linear operator on a complex Banach space have a non-trivial (closed)
invariant subspace?

1. Yes for n < dimV < oo.

2. No for restricted operator classes.

3. Yes for certain Banach spaces (1975).
4. Results as recent as 2023.

Definition 7.2. Let 7' € L(V). We say A is an eigenvalue of 7' if and only if there exists v € V,
v # 0, such that Tv = A\v, for some X\ € F. We also have the following equivalences:

Tv = Av

< det(T—N)=0

< T — A\ non-invertible
< T — Al non-injective

< T — A\I non-surjective .

Theorem 7.3. Distinct eigenvalues of a linear map T have linearly independent eigenvectors.

Proof. Suppose v1,...,v, are linearly dependent eigenvectors of T'. Let j be the smallest possible
index such that

vj =Cv1+ ...+ C—105-1.
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Then
)\j’Uj = )\jclvl + ...+ )\jCj,ﬂ}jfl.

But we also have
T’Uj = /\Uj =MNcvy+...+ )\j,lcj,lvj,l.

Then we know
0= ()‘j — )\1)01’01 +...+ ()\] — )\jfl)ijlvjfl.

Because we said v; was the smallest index such that v; € span(vy,...,vj—1), we know that (\; —
Ap)ep = 0, forall 1 < k < j — 1. Since A\; — \; is nonzero, this forces the ¢;’s to be zero, and
therefore, v; is zero, a contradiction. O

Corollary 7.3.1. The number of distinct eigenvalues of T € L(V) < dim V.

7.1.2 Diagonalization

Definition 7.4. We say T' € L(V) is diagonalizable if and only if there exists a basis of V' of
eigenvectors.

Corollary 7.4.1. For T € L(V), dimV < oo, we say T is diagonalizable if the number of distinct
eigenvalues of of T' is equal to dim V.

Proposition 7.5. Let dimV < oo, and let B = {v1,...,v,} be a basis of eigenvectors of T € L(V).
Then M(T, B, B) is a diagonal matrix whose entries are the eigenvalues \; corresponding to the
eigenvectors vj, 1 < j < n.

Theorem 7.6. If M(T, B, B) is diagonal if and only if B is a basis of eigenvectors.

Exercise 7.1. Let dimV < oo, T' € L(V,W), U < V invariant under 7. Let B = {uy,...,u,} be
a basis of U, consisting of eigenvectors of 7. If we extend B to a basis of V, call it B’, what is
M(T,B',B).

Example 7.7 (Jordan Normal Forms). Diagonalizable linear maps make certain problems very
easy: matrix exponentiation, solving for null spaces, solving general Az = b problems. If it’s not
possible to diagonalize a linear map, how can one get a matrix which is “as diagonal as possible?”
This is the motivation for studying Jordan normal forms.

7.2 Lecture 12. Thu Oct 10

7.2.1 Existence of Eigenvalues

Definition 7.8 (Matrix Exponentiation). Let 7' € £(V), then

T-....T keN
TF={T k=0
(T~Y)~%  —keN.

Now, we can evaluate polynomials p € P(FF) at T by setting
n
p(T) = Z arT".
k=0

18



Proposition 7.9. Let p,q € P(F), and let T € L(V). Then (pq)(T) = p(T)q(t), and p(T)q(T) =
q(T)p(T).

Proof. Suppose p(z) = axz*, and q(z) = > b.2". Then (pg)(z) = 3. 3, arb,2**". Then

T)=> ") aphTH"
= ( Zk: aka> < Z bTTT)

= p(T)q(T).

Also,

p(T)q(T) = (pg)(T) = (gp)(T) = q(T)p(T).

Note. In general, if T, S € L(V), p(S)q(T') # q(T)p(S5).

Theorem 7.10. Let 1 < dimV < oo, and T € L(V), where F = C. Then T has at least one
eigenvalue.

Proof. Fix v € V, 0 # v. Then consider v, Tv, T?v,...,T"v. These (n + 1) vectors are linearly
dependent. So we can write
0=agv+a1Tv+...+a, T,

such that the a;’s are not all zero. We know that if aq,...,a, = 0, then agv = 0, forcing v = 0.
Therefore, we can assume at least one a4, ..., a, is nonzero. Consider p(T)v := apv + a1 Tv+ ...+
a,T™v. Then we can say that p(T') is a nonconstant polynomial of 7. Then by the Fundamental

Theorem of Algebra,
Zakz = CH (z = A\j).
7=1

In particular, m = degp > 1, so that
m
0= ( H (T — N 1) )
Since v # 0, there is some j such that 7' — )\;I is not injective, therefore, non invertible. (A better
proof is provided below.) This implies that )\; is an eigenvalue of 7. O
Definition 7.11. We call T € V, W nonsingular if ker 7" = {0}, and singular if ker 7" # {0}.
Proposition 7.12. If dim V = dim W < oo, then T is singular iff it is non-invertible.

Proposition 7.13. Let dimV < oo, and let S,T € L(V'). Then ST is singular iff S or T is singular.

Proof. (<) If T is singular, let v € kerT, v # 0. Then ST(v) — S(0) = 0 = v € ker ST. If §
is singular, then S is not surjective. Therefore, ST is not surjective, therefore, it is not injective,
thus, it is singular. (=) If S, T are nonsingular, then S, T are invertible. Hence, we can show ST is
invertible, thus, nonsingular. O
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Proposition 7.14. If S1,...,S; € L(V), and dim V' < oo, then

k
H S; singular < at least one of S; is singular.
j=1

Note. Axler takes a different approach to proving Theorem 7.10. Let dim V' < oo, T € L(V'). Then
if T has an upper triangular matrix representation with respect to some basis, then 7" is invertible
if and only if all the diagonal entries of this matrix are nonzero. Furthermore, all the eigenvalues
of T are on the diagonal of this matrix.

Exercise 7.2. Let T € L(V), and suppose T" = 0, for some n € N. Show that (I — T)~! =
I+T+T?+ ... +T" ! Explain why someone might be able to guess the formula.

Solution. Computation, and notice that the sum is just a geometric sum. O

8 Week 8

8.1 Lecture 13. Tue Oct 15
8.1.1 Upper Triangular Matrices

Theorem 8.1. Let dimV < oo, and T' € L(V), F = C. Then T is has an upper triangular matrix
representation with respect to some basis B = v1,...,v, of V.

Proposition 8.2. We claim that Mg(T) is upper triangular iff
Tvj € span(v,...,v;).

This happens iff span(v1, . . ., v;) is invariant, for all 1 < j < n. Also, if T does not have an eigenvalue,
then T has no upper triangular representation.

Proof of Theorem 8.1. Note that every element of F!'! is upper triangular. Assume for all vector
spaces V, dimV < n, our conclusion holds. Let V' be a vector space of dimension n. Let T' €
L(V), and suppose A1, v; is an eigenvalue-eigenvector pair. Extend v; to a basis of V' using vectors
ug,...,uy. Then V = span(ug, ..., u,) @ span(v;). Consider the projection P, : V' — U, such that
P,(e +u) = u. Then we claim P, € £(V,U). Consider the compression P,T|,, = S : U — U, which
we claim is in £(U). Since dimU = n — 1, we know S has an upper triangular representation with
respect to a basis B = {vs,...,v,}. Let B = {v1} U B. Then the matrix representation of T with
respect to B is

M0 L0
0

Mp(T) = : ./\/lg(S)
0

O

Theorem 8.3. Let dimV = n < o0, T € L(V), and that T has an upper triangular representation.
Then T is invertible iff the diagonal entries of the upper triangular representation are all nonzero.
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Proof. Assume that A is an upper triangular matrix of 7. Then suppose for some k, 1 < k < n, that
Ak:,k: = 0. Then Tvk = A17k01 + ...+ Ak—lkvk—l- Therefore, Tvk S span(vl, P Uk—l)‘ Since A is
upper triangular, T'v; € span(v,...,v,—1), forall 1 < j < k — 1. This forces Tvy, ..., Tvg_1,Tvy
to be linearly dependent. Therefore, T' is not injective, hence, it is not invertible. For the converse,
assume that for all k, 1 < k < n, that A; ;, # 0. Hence, Tv; = Ay 1v1 # 0. Therefore, T'v, is linearly
independent (since it is nonzero). Assume that for k < n, Tvy,...,Tv, are linearly independent.
Then since A is upper triangular, T'v; € span(vi,...,v;), 1 < j < n. Consider that since A is upper
triangular, that Tv,, = Ay ,v1 + ... + Ap_1nUn—1 + Ay nv,. Therefore, Tv, ¢ span(vy,...,vp—1).
Hence, T'vy,...,Tv, are linearly independent. This implies that dimrange(7T") > n, which implies
T is surjective, hence, invertible. O

Example 8.4. Consider T : R? — R2, T € £(R?) with standard matrix representation
0 1
A= (_1 O) |

Example 8.5. Calculate the eigenvalues and some corresponding eigenvectors of

Show that A has no eigenvalues over R.

1 10
A=10 1 1
0 01

8.1.2 Eigenspaces

Definition 8.6. Let 7' € L(V), and let \ be an eigenvalue of 7. We call E(\,T) ={v €V | Av =
Av} the eigenspace of A under 7. We call dim E'(\, T') the geometric multiplicity of 7' corresponding
to .

Note. Note that 0 € E(\,T), so not all v € E(\, T) are eigenvectors of T' corresponding to .

Theorem 8.7. Let T € L(V), and A1, ..., A\, be distinct eigenvalues of T. Then
EM\T)®EQ,T)® ... & EO,T) =E <V

is a direct sum, and

> dimE();,T) < dimV.
j=1

When there is equality, then recall that T is diagonalizable.

8.1.3 Minimal Polynomial

Theorem 8.8. If dim V' < oo, and T' € L(V'), then there exists a unique monic polynomial p € P(F)
of smallest degree such that p(T') = 0. We call this the minimal polynomial of T.

Proof. If dimV = 0, then we’ll set all operators on V to be the zero operator on V. Take p = 1,
and note that p(T') = 0, for all T € £(V). Assume the statement holds true for all V, dimV =
k < n. Consider V such that dimV = n. Let 0 # v € V. Then lett € L£(V). We know that
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v,Tv,T?v,...,T™ is linearly dependent. Let m be the smallest integer such that colv + c¢;Tv +
osT?0+ ...+ ey T™ v + T™vy = 0. Define

p(z) ==c1+ciz+ 222+ e 2™+ 2™

Then p(T)v = 0, and for all k € N, p(T)T*v = 0, since p(T)T*v = TFp(T)v = TF0 = 0 = T*v ¢
ker p(T). But since m is the smallest integer such that our above equation held, v, Tv, T?v, ..., T™ v
are linearly independent. Therefore dim ker p(7') > m, and

dimrangep(T) = dim V — dimker p(7T')
<n—-m<n. (v #0)

We know range p(T') is invariant under 7, since range T is. Applying the induction hypothesis to
T|range T Shows us that there exists a unique monic polynomial s € P(F) which has degs < n —m,
and satisfies s(7'[;ange p(r)) = 0- Also, for allw € V,

€ range p(T)

It remains to show that this is the unique monic polynomial of smallest degree, which is not difficult
to show by contradiction. O

Theorem 8.9. If dimV < oo, T € L(V), then the zeroes of the minimal polynomial of T' are the
eigenvalues of T.

8.2 Lecture 14. Thu Oct 17

8.2.1 Norms and Inner Products

Definition 8.10. Let V' be a vector space over R. A norm on V is a real valued function taking
v — ||v]|,v € V, which satisfies the following properties:

1. [v]| >0,Voe V,|v| =0 v=0,
2. ||law]l = la[lv]l,vv € V.Va € R,
3. Ju+ ol <lufl + (o], Vu,v € V.

Example 8.11.
1. Consider ||z||; = > 1 |z, Vz € R™.
2

2. The geometric norm, the Euclidean norm, ||z[j; = [ 27
3. The infinity norm, ||z||s = max{|z;| | 1 <i < n}.
4. Consider Cla, b]. Then we have the following norms:

N flle = L2151,

o Il = [0 22,
o || fllzoe = max{|f(t)| | a <t <b}.

D=
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Note. We can always define a metric on V' given a norm by d(u, v) = ||u—v||. The most convenient,
useful, interesting, elegant norms are defined by inner products.

Definition 8.12. Let V' be a vector space over R. An inner product on V is a real-valued function
on V x V such that (u,v) — (u,v), which satisfies the following properties:

1. (u,u) >0,Yu € V,(u,u) =0< u =0,
2. (u,v) = (v,u),Yu,v €'V,
3. (au + pv,w) = alu,v) + B{v,w),Yu,v,w € V,Va, 5 € R,
We say that inner products are positive definite symmetric bilinear forms.

Example 8.13.
1. On R", the dot product is an inner product, that is,

n
Ty = ijyj, Va,y € R™.
j=1

2. On Cla, b], the L? inner product is an inner product:

(f:9)r2 = /ab fg,Vf.g € Cla,b].
Lemma 8.14. Let V be a vector space over R, and let (-, -) be an inner product on V. Then
(v,0) = (0,v) =0, Vv € V.
Proof. We have

eR €V
(0,v) =( 0 - 0 ,v)=0(0,v) =0.

Theorem 8.15 (Cauchy-Schwarz). Let V be an inner product space over R. Then

N

|{u,v)| < [(u,u)] [(v,v)]%,Vu,v eV,

with equality iff one of u,v is a multiple of the other.

Proof. First note that if u = 0 or v = 0, then the result holds. Assume u,v # 0. Now assume that
(u,u) = (v,v) = 1. We must prove that |(u,v)| < 1. We know

(u—v,u—v)>0

(uyu —v) — (v,u —v) >0

(u,u) — (u,v) — (v,u) + (v,v) >0
2 —(u,v) >0

= (u,v) <1
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Also,

(u+v,u+v) >0= (u,u) + 2(u,v) + (v,v) >0
= 2+ 2(u,v) >0
= (u,v) > —1.

Therefore,
-1 <(u,v) <1= |(u,v)| <1

Finally, consider the general case that u # 0, v # 0. Consider

Then
1 1

o) = <<u,u>éu’ <u,u>éu> B <u,1u> ww =1.

Similarly, (v/,v") = 1. Thus, |(v/,v’)| < 1, which implies

‘<(u,2>§u’ (v,t>év>‘ =1

1
e
U, )2V, v

=

SIS

= [(u, )| < (u,u)? (v,0)3.
Part two: equality iff one of u, v is a multiple of the other. First if (u,u) = (v,v) = 1, then

(u—v,u—v)y=0u—v=0u="v

(u+v,u+v)=0u+v=0%u=—uv.

So for vectors satisfying (u, u) = (v,v) = 1, we get equality iff u = +v. For general nonzero vectors
u, v, we get equality iff

u =40
1 1
& Tu == TV

(u,u)2 (v,v)2

1

2
Su= i(u,u>1 v=au

(v, v)2

O]

Theorem 8.16. Let V be an inner product space over R, and define ||v|| = /(v,v),Yv € V. Then |||
isanormonV.

Proof. First,
Yo e V,(v,v) > 0= +/(v,v) > 0= |v|| >0,

and
((v,v) =0 v=0)= (|Jv]| = V{(v,v) =0 v=0).
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Next,

Yo e V,a eR,|lav| = v/ {av, av)
= Ve2(v,v)
= va2y/{v,v)
= |alv/{v,v)

Now, consider

u+v]]? = (u+v,u+v)
= (u, u) + 2(u, v) + (v, v)
< (s u) + 2[|ullf[v]] + (v, v)
< lull® + 2llulllloll + [lo]?
< (lull + [lv]1)>
= [lu 4ol < Jlull + [|v]]
O
Theorem 8.17. Let V be a normed vector space over R, and write the norm as ||-||. Then there exist

an inner product (-, -) such that ||v|| = \/(v,v), Vv € V, iff the parallelogram law holds, that is
lu+ vl + llu = v)|* = 2(Jull® + [[v]]?), Yu, v € V.
Proof. Suppose first that ||v|| = \/(v,v) for some inner product. Then

||u—|—v||2+||u—v||2: (u+v,u+v)+ (u—v,u—0v)
= <u7u> + 2<U,’U> + <Ua U> + <’lL, 'LL> - 2<u,v> + <U7U>
= 2(u, u) + 2(v,v)
= 2ful2 + 2o

Conversely, suppose ||-|| satisfies the parallelogram law. If ||v| = \/(v, v), for some inner product,
then

4 ol* = flu = v)|* = ((u, w) + 2(u, v) + (v,0)) = ((u,w) = 2(u,v) + (v,v))

= 4(u,v)
PR R i P
4
Define (-,-) by
o] = Jlu—of?
(u,v) = 1 .
It remains to prove that (-, -) is an inner product. (Math Stack Exchange). O
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9 Week 9

9.1 Lecture 15. Tue Oct 22
9.1.1 Orthonormal Bases

Definition 9.1. Let V' be an inner product space. A list of vectors vy, ..., v, € V is called orthonor-
mal if (v;,v;) =0, for 1 <i < j <n,and (v;,v;) = 1.

Proposition 9.2. Suppose v1,...,v, € V are orthonormal, for V an inner product space. Then

n 2 n
> o =
i=1 =1

Proof. Consider that

n 2 n
Zaivi = ZH(MWHQ
i=1 i=1
n
= laiP[luil®
i=1

n
=2 _lail”
i=1

L]
Proposition 9.3. Let vy,...,v, € V be orthonormal vectors in an inner product space V. Then
v1, ..., Uy are linearly independent.
Proof. Let
n
0= Z a;V;
i=1
n 2
HOH2 = Zaivi
i=1
n
0=>_laif”
i=1
= all of the a;’s are zero.
O
Theorem 9.4 (Bessel’s inequality). Let v1, ..., v, be orthonormal in V, an inner product space. Then

n

Do) < lolf?, Yo € V.
k=1
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Proof. Consider v € V. Then

n

n

v= Z(v,vk>vk +v— Z(v, V) Uk

k=1

k=1

=u

= <’w,’l}g> = <U7U€> -

0= (v,vp) —

= <Ua Uf) -

Sow L wy, V¢ € [n],and w L u. Hence

=w

<u,’l)g>

<Z<U7 Uk>vk7 U5>

D

k=1

=1
(v, vi) (VK V)

[l = llu+w? = [[ul® + |lw]?
>0
> [Jul|?.
O
Theorem 9.5. For an inner product space V, and an orthonormal basis B := {vy,...,v,} of V,

w; = (-,vj), for j =1,...,nis a dual basis of B.

Theorem 9.6. Let {vy,..
Then

n

Loo="> (v,v)v,

=1

n
2. Jlol® = v, o) 2,
i=1

n

3. (u,v) = Z<u,vk><vk,v>.

i=1

9.1.2 Gram-Schmidt Procedure

Theorem 9.7. Suppose vy, ..
k=2,...,m, define f; inductively by

vk, f1)
| f11I?

fr = vk 1

Foreachk =1,...,m, let e, = i

span(vy, .. .

foreach k=1,...

, M.

fik. Then €1,...

,Ug) = span(eq, ...

., Un } be an orthonormal basis of an inner product space V. Let u,v € V.

., U, 1s a linearly independent list of vectors in V. Let fi = wvy. For

(U, fr—1)

R AL T A 9.7.1
e ©7.D

Jr-1-

, em 1S an orthonormal list of vectors such that

,ek), (9.7.2)
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Proof. Proceed by induction on k. The conclusion is obviously true for £ = 1. Suppose for 1 <
k < m, that the conclusion holds for & — 1. Since v,...,v,, are linearly independent, we know
vg & span(vy,...,v—1) = span(ey,...,ex—1) = span(fi,..., fr—1). (Note that this also implies that
fr # 0 and that || fx|| # 0, so we aren’t dividing by zero in Eq. (9.7.1).) Itis clear that || fx|| = 1. Let
je{l,...,k—1}. Then

1
€k, €5) = f 7f'
A T TR
1 <Uk7f1> <Uk7fj> <Uk7fk—1> >
= v — fl— e — SR iR Ll VRS
kaHHfjH< AR If512 7 | fealZ 2570
1
= v 7f‘ — v 7fA
g e o0 = fow J5)
=0.
Thus ey, ..., e is an orthonormal list. Using Eq. (9.7.1), we can deduce that v, € span(ey,...,eg).
Combining this information with Eq. (9.7.2), we deduce
span(vy, ..., v) C span(eq, ..., ex).

Both lists above are linearly independent, (the v’s by hypothesis, and the e’s by orthonormality).
Thus, both subspaces above have dimension &, and hence, they are equal. O

Theorem 9.8. Every finite dimensional inner product space has an orthonormal basis.
Theorem 9.9. Every list of orthonormal vectors can be extended into an orthonormal basis.

Theorem 9.10. Suppose V is a finite dimensional inner product space, and T' € L(V'). Then T has
an upper triangular matrix representation with respect to an orthonormal basis of V' iff the minimal
polynomial of T factorizes into
m
p(z) = [[(z= X)), forx; €F.

j=1

Theorem 9.11 (Schur’s Theorem). Every T' € L(V), for V an inner product space over C has an
upper triangular matrix representation with respect to some orthonormal basis.

Theorem 9.12 (Riesz Representation Theorem). Let V be a finite dimensional inner product space,
and let ¢ € V'. Then

v eV(ueV=pu) = (uv)).

Proof. Let {v1,...,v,} be an orthonormal basis of V. Then

o) = o D fusuiue

k=1




Then suppose ¢(u) = (u,v1) = (u,vs),Vu € U, Then

0= p(u) = p(u) = (u,v1) = (u, va)

= (u,v] — v2).

If we choose u = v; = vy, then

<Ul—U2,Ul—U2>=0<:>v1—v2:():>1;1:v2,

9.2 Lecture 16. Thu Oct 24

Exercise 9.1. Suppose B = {ey,...,e,} € V, for V an inner product space. Suppose that
n n
1> awerl* = laxl,
k=1 k=1

for all a; € F. Show that B is an orthonormal list.

Solution. By taking a; # 0, and a; = 0, for j # ¢,

For arbitrary ¢ # j, let a;,a; = 1, and a; = 0 otherwise. Then

le; + ej1” = {ei +ej, e +¢;)
= lledll® + lleslI” + {eise) + {ejoen)
= 2+ 2Re (e, €j)
=2
= Re (ej,ej) = 0.

For a similar choice of a;, a;, Ime;, e; = 0. This implies that e; L e;, Vi # j. O
9.2.1 Orthogonal Complements and Minimization Problems
Definition 9.13. For U C V, and V an inner product space, the orthogonal complement

Ut ={veV|(uv) =0,YucU}.

Example 9.14. Consider H?(ID), the set of analytic functions on the disk. Suppose {1, z, 22,...} is
an orthonormal basis of H?(D). So

(spabn(zk))L = Span{zg | ¢ e N\ {k}}
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Proposition 9.15. The orthogonal complement of {0} is V. Also, V+ = {0}.
Theorem 9.16. Consider U,W C V.
1. fUCV, then Wt C UL
2. Also, UL < V.
3. Findlly, UnU+ = {0}.
Proof. Let U C W, and let w € W+. Then
(v,w) =0,Yv e W
= (v,w) =0,Yv e U
= we Ut
We omit the proof for 2, since it is standard. Let u € U N U+. Then

(u,u) =0=u=0.

Theorem 9.17. If U <V, and dimU < oo, then V = U @ U™.

Proof. We already know U N U+ = {0}. It remains to show that V = U + U*. Letv € V, and let
u1i, ..., u, be an orthonormal basis of U. Then

n

v =) (0 uphup o= (v, up)u
k=1 k=1
::EFGU =t
= V&, <ul,uk> = (v,ug) — (v,ur) =0

=ut L Uut e UL,

Theorem 9.18. Suppose U <V, dimU < oco. Then U = (U+)*+.

Proof. For any u € U, we have (u,v) = 0,Yv € U', hence u € (U1)*. On the other hand, let
U € (UY)*. Then v = v + w, for v € Uyw € UL. Therefore, u — v = w € U'. However,
u—v € (UL)*, by closure. Hence, u — v = 0. However, 0 € U, so that u € U (as v € U). O
Corollary 9.18.1. If also dimV < oo, then dim U+ = dim V — dim U.

Corollary 9.18.2. IfdimU < oo, U <V, then U+ = {0} & U = V.

Theorem 9.19. Let dimU < oo, and U < V. Then suppose P, € L(V), with P> = P,, and
| Puv|| < ||V||. Furthermore, suppose P,u = u,Yu € U, and P,w = 0,Yw € U*. Then

1. the range of P, = U, and ker P, = U~.
2. Foranyv eV, v— Pwe U™

n

3. If {uy,...,uy} is an orthonormal basis of U, then Vv € V, P,v = Z(v, U ) U
k=1
Theorem 9.20. Let dimU < oo, and U < V. Letv € V,u € U. Then

lo = Puol| < flv—ul,Vu c U.

(This is the minimization problem.)
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10 Week 10

10.1 Lecture 17. Tue Oct 29
10.1.1 Riesz Representation Theorem

Note. Recall the Riesz Representation Theorem, Theorem 9.12. That is, if V' is an inner product
space of finite dimension, and ¢ € V’, then there exists a unique v € V such that p(u) = (u, v), for
all u € V. Also, recall that dim V' = dim range ¢ + dim ker . Here, dimrange ¢ = 1, if ¢ # 0.

Proposition 10.1. If ¢ € V/, and v € V, with p(u) = (u,v), for all u € V, then v € (ker )= .
Proof. If ¢ # 0, then dim (ker ¢)* = 1, so span{v} = (ker )= . O

Theorem 10.2. If V is a finite dimensional inner product space, for v € V, define v — ¢, by
op(u) = (u,v), forallu € V. Then v — ¢, : V. — V' is a bijection.

Note. This mapping is linear iff F = R. If F = C, then this mapping is called antilinear.

Proof. We claim that the injectivity of this map is in analogy with Rieszz representation theorem.
For the surjectivity, let ¢ € V'. We want to show that there exists v € V such that ¢ = ¢,. If p =0,
thenv =0= 0= ¢(0) = (u,0) = 0,Vu € V. Otherwise ker ¢ # V. Let 0 # w € (ker ¢)*. Define

_ e(w)
0#v:= HwHQw.

Consider

w 2
o) = POL e 20,

[[w]?
For v € V, consider
cker ¢ € (ker )+
" sO(U)v+ p(u)
p(v) ¢(v)
p(u)
p(u) =0+ gO(U)w(v)-
Consider
po(u) = (u,v)
_ ) >
p(v)
_ e,
=
= p(u)
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10.1.2 Projections, Pseudoinverses

Theorem 10.3. Suppose that dimU < oo, U < V,V possibly infinite dimensional. Let v € V,u € U.
Then
[ = Pu(v)]] < [lv —ul], Vu € U.

Sometimes, invertibility is broken by a finite dimensional subspace. Consider 7" : F" — F",
for T injective, and m < n < cc.
Theorem 10.4. Let dim V' < oco. Suppose that T' € L(V, W). Then T'| (., 1+ is bijective onto range T.

Theorem 10.5 (Moore-Penrose Pseudoinverse). Let dim V' < oo, T' € L(V,W). The pseudo inverse,
Tt € L(V,W) of T is defined by

T = (T|(err)2) ™" Prange(ryw Yw € W.
Theorem 10.6. Suppose V is finite dimensional, and T' € L(V,W).
1. If T is invertible, then T = T,
2. TTT = PrangeT (the orthogonal projection of W onto rangeT).
3. T'T = Plyer)r (the orthogonal projection of V onto (ker T)4).
Proof. Let w € (rangeT)*. Then Ppgertw = 0, and TTTd = 0. Let w € range 7. Then
TT'w = T(T| 7y ) Prange 7 (w)

= w.

O]

Using the pseudoinverse. We can compute the best fit to a linear system Axz = b using the
pseudoinverse. If A is invertible, then z = A~'b. If not, = A'b makes Az as close to b is possible.
10.1.3 Self-Adjoint and Normal Operators

Note. Now, throughout this section, assume V is a finite dimensional inner product space.

Why study self-adjoint operators? We can place self adjoint operators and operators into anal-
ogy with the reals in the complex field.

Definition 10.7. The adjoint of 7' € £(V, W) is defined to be
T* : W — V, such that (Tv,w) = (v, T*w),Vv € V,Yw € W.

This is well defined, since
v = (T, w)

is a linear functional which only depends on 7', w. Invoke Riesz representation theorem to obtain a
unique vector 7*w in V.
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Example 10.8. For fixed u € V, w € W, then define T': V. — W by v — (v, u)yw. Then for all

veVeeW,

(Tv,x)w = ((v,u)yw, z)w
= (v,u)y(w, z)w
= <Ua <'7;7 w>Wu>V

T*z

Example 10.9. Let T : V —» V with V = {f € C*[-1,1] | f(1) = f(—1)}, and (f, g)

Tf =if’. Consider

1
<Tﬁg>=3/ if (2)9(x) da

-1

= (f,ig) +i
= (f.ig')

= T*g =ig .

—Pﬂ)(ﬂ;ff—wmw@m
|

Definition 10.10. If 7' = T*, then T is self-adjoint.
1
Example 10.11. On P»(R), consider (p,q) = / pq. Define T' € L(P2(R)) by
0

T(ax? + be + ¢) = ba.
Find T™.
Theorem 10.12. If T € L(V,W), then T* € L(V,W).
Proof. Consider that for all v € V,wy,ws € W, and ¢ € C,

(v, T*(cwy + w2)) = (T, cwy + wa)
= (Tv, cw1) + (T, ws)
= (cv, T"w1) + (v, T"wo)
= (v, T wy + T wo).

Theorem 10.13. If T, S € L(V,W), and X € F, then
1. (S4+T1T) =8*+T7

(A\T)* = \T™,

(T*)" =T,

(ST)* = T*S7,

=1,

S A LN

T is invertible <=> T* is invertible, and in this case, (T*)~ = (T~1)*.
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10.2 Lecture 18. Thu Oct 31
Theorem 10.14. Let T € L. Then

1. (ker T)* = range(T™),
2. (rangeT)* = ker T*,
3. (rangeT*)* = ker T,
4. (ker T*)* = rangeT.

Proof. Note that w € ker T* if and only if

T*w =0
— 0= (T"w,v),YveV
= (w,Tv)
— w € (range T)".

Similarly, 2 is proven, and 1 < 4, 2 < 3. O

Definition 10.15. For A € F™*"  the conjugate transpose is

(A%)ij = Aji.

Theorem 10.16. Let T € L(V,W). Let E = {e1, ..., ey} be an orthonormal basis of V. Then there
exists F'={f1,..., fn}, such that F' is an orthonormal basis of W. Then Mg p(T*) = (Mg r(T))*.

Proof. Consider that Mg r(7') contains the coefficients

Te; = some linear combination of f;’s

n

= (Tej, fu) I

k=1
= <T€j, fk>

Consider that (Mp (1)) 1 = (Tej, fr). Then

T*fr =Y (T*frrej)e; = > (Tej, frje;.
j=1 J=1

0

Theorem 10.17. Let T : V — V, Mp(T). Then T is self-adjoint iff Mp(T) = Mp(T)*.

Theorem 10.18. The eigenvalues of a self-adjoint operator T' are real.

Proof. Let Tv = Ab,v # 0, A € F. WLOG, assume ||v|| = 1. Then

A= Mv,v) = (A, v) = (Tv,v) = (v, T*v) = (v, Tv) = (v, \v) = XNv,v) = \.

O
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Theorem 10.19. For F =C, T € L(V),
(Tv,v) =0,Yv e V& T =0.(Tv,v) € R,Vv € V & T is self-adjoint.
Proof. The converse implication is trivial, for the forward, use the polarization identity:

(T(u+v),u+v) — (T(u—v),u—v)+i(T(u+ viv),u+ iv) — (T (u—iv),u — iv>.

(Tu,v) = 1

O]

Note. I got a little lazy here. At this point, each of these proof which I omit are ripped from LADR,
7A. I've found Axler a better resource for this class regardless.

Theorem 10.20. Let T € L(V'). Then T is self adjoint if and only if T — T* = 0.

Theorem 10.21. Let T be self adjoint. Then
(Tv,v) =0,Yv € V <= T = 0.

Theorem 10.22 (7.14). Suppose V' is a complex inner product space, and T' € L(V). Then T is
self-adjoint iff (Tv,v) € R, for every v € V.

Definition 10.23 (Normal operators). An operator on an inner product space is called normal if it
commutes with its adjoint, that is 7" € £(V') is normal iff 77" = T*T.

Theorem 10.24. Suppose T' € L(V'). Then T is normal iff ||Tv|| = ||T*v||, for all v € V.

Theorem 10.25. Suppose T' € L(V) is normal. Then

~

null(7") = null(7™),

2. range(T') = range(T™),

3. V =null(T) & range(T),

4. T — M is normal for every X € F,

5. ifveV,and X € F, then Tv = \v if and only if T*v = Av.

Theorem 10.26. Suppose T' € L(V) is normal. Then eigenvectors of T corresponding to distinct
eigenvalues of T are orthogonal.
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11 Week 11

11.1 Lecture 19. Thu Nov 7
11.1.1 Complex Spectral Theorem

Recall that T € £(V) is normal iff 7*T = TT*. Also, given a basis {v, ..., vy}, the matrix M(T) is
the unique matrix A € F"*" such that Tv; = """ | A;jv;, for j = 1,...,n. Note that if v € V, then

v = En:ajvj — Tv = T<§n:ajvj>
j=1 j=1
= Z Oij’Uj
j=1
=3 ()
=1 Ni=1
=D > (Agaj)u,

7j=11i=1

= i( Y Aijaj>vi
i=1 “j=1

= fjﬁm, B = Aa.

i=1

So,

vzzn:ajvj, Tvzzn:ﬂivi — 3 = Aa.

j=1 j=1

Recall that for S, T € L(V),
M(ST) = M(S)M(T),

and M : L(V) — F™*" is an isomorphism. Also, if {v1,...,v,} is orthonormal, then M(7T%) =
M(T)*. (Where A* = Zt.) The best bases are orthonormal:

n
UEV:>v:Za,-vi,

j=1
where o = (v,v;), for all j. The best matrices are diagonal. For example, if A = diag(A1,...,\,),
x € F", then (Ax); = \jz;, for all i. Thus, given T' € L(V'), the best of all possible worlds is that
there exists an orthonormal basis {vy,...,v,} such that M(T, {vy,...,v,}) is diagonal.

Theorem 11.1 (Spectral Theorem, Complex). Let V be a finite dimensional complex vector space,
and let T' € L(V'). Then the following are equivalent:

1. T is normal.

2. There exists an orthonormal basis for V' consisting of eigenvectors for T.
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3. There exists an orthonormal basis for V such that the matrix of T with respect to that matrix is
diagonal.

Proof. Let us show that the second condition holds if and only if the third holds. Let {v,...,v,}
be an orthonormal basis for V. Suppose there exists Ai,..., A\, € C such that Tv; = \;v;, for all
j=1,...,n. But then

TU]‘ :ZAij'Uiai: 1,...,n,
1=1
A = diag(A1,..., \n).

That is, A;; = \; if i = j, and 0 if ¢ # j. Therefore, the third condition holds. Conversely, assume
that

n
T'Uj = ZAijUiaj = 1,...,7’L,
i=1
and A is diagonal. But then,
T'Uj = Ajjvj,j = 1,...,7’L,

i.e., each v; is an eigenvector for 7. (The v,’s form a basis, so they are nonzero.) Thus, the second
condition holds. Now, let us show that the third and the first conditions are equivalent. Suppose

now {vy,...,v,} is an orthonormal for V', and A = M(T) is diagonal. Then
M(T*T) = M(T*)M(T)
= M(T)" M(T)
= M(T)M(T)* (diagonal matrices commute)
= M(T)M(T*) = M(TT™).

But this implies that 7*7" = T'T*. (Since M : L(V) — C"*" is an isomorphism.) Thus, 7" is normal.
Conversely, suppose T is normal. Then Schur’s theorem applies, that is, there exists an orthonormal
basis {v1,...,v,} such that A = M(T,{v1,...,v,} is upper triangular. But now

™T =TT"
— M(T)" M(T) = M(T)M(T)*
— A*A = AA*,

and since A*A = AA*, and A is upper triangular, A is diagonal. (To see this, note that
(A*A)1y = A A = A
and

(AA") 1 = A1 A + A Ajg + ..o+ A Ay
= AP+ A+ ..+ A2

So
(A*A)H = (AA*)H — ’A12’2 + ...+ ‘Aln‘2 =0= A12 =...= Aln =0.
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Now assume by induction that the only nonzero entries in row 1, ..., k—1 lie on the diagonal. Then
we have

(A* AV = | Ak + ..+ [Agi]? (since A is upper triangular)
= |Ap|?, (by induction hypothesis)
and
(AA" e = [Age)® + .- + A *.
But then
(A*A)kk = (AA*)kk - |Ak,k+1|2 + ...+ ‘Akn|2 =0
:>Ak,k+1 =...= A, =0.
So by induction, A is diagonal.) O

Note. Where did we use the fact that V' was a complex vector space? Schur’s theorem requires V'
to be complex. Conisder that

T = A, Ais upper triangular
Tvy = Aj1v1 = vy is an eigenvector of T.

To prove Schur’s theorem, we must know that 7" has an eigenvalue.

Proposition 11.2 (Revisited). Let V be a finite dimensional complex vector space, with dim V' = n.
Let T € L(V). Then T has an eigenvalue.

Proof. Choose any nonzero v € V, and consider
{v,Tv,T?v,...,T"v}.

This is a set of n + 1 vectors in an n-dimensional space. Hence the set is linearly dependent, so
there exists m < n by the linear dependence lemma such that

{v,Tv,...,T™ v}

is linearly independent, and
{v,Tv,..., T™ v, T}

is linearly dependent. Thus, there exists aq, . . ., a;,—1 such that
av + a1Tv+ ...+ apm 1 T™ 1 4+ T = 0.
This is the same as saying
p(T)v =0,p(x) = ap + a1z + ... + apm_12™ * + 2™

The fact that {v, T, ..., T v} is linearly independent means that for ¢ € P(C)

deg(q) < m = ¢q(T)v =0.
Now, by the fundamental theorem of algebra, p has a root ), so that

p(x) = (x — Nq(x), deg(q) = m — 1.

But then
p(T)v=0= (T — \)q(T)v =0,

and ¢(T")v # 0. Thus, (T' — AI) is singular, so that ) is an eigenvalue of T'. O
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11.1.2 Real Spectral Theorem

What if V' is real? In the previous proof, we are able to get as far as declaring that deg(q) < m —
q(T)v # 0. Although R is not algebraically closed, we know that p(z) can be factored into a product
of irreducible (over R) quadratics and linear factors. We want to show that in this context, there
must be at least one linear factor. We have

p(z) =ag+ a1z + ...+ apm_12™ + 2™,

where ag, ...,a,—1 € R, and p(T)v = 0. (Recall that an irreducible polynomial over R has the form
22 +be+c,b? —4c < 0.)

Lemma 11.3. Let V be a finite dimensional real inner product space, and let T' be a self-adjoint linear
operator. Suppose that b, c € R, and b*> — 4c < 0. Then

T? 4+ bT + I is nonsingular.
Proof. Letv € V, v # 0. We must show that (72 + bT + cI)v # 0. We do this by showing

(T? + 0T + cI)v,v) > 0.

We have
(T?% + T + cI)v,v) = (T?v,v) + b(Tv,v) + c(v, v)
= (T, Tv) + b{Tv,v) + c|lv|?
> ||Tv)|? b Toll|o]| + ¢]|v]? (CS)
= (7ol = 2l)? + lol® - 2o
- 2 4
dc — 2

= (1ol — ool + 27 ol > 0.

The last inequality holds since b — 4¢ < 0 = 4c — b%> > 0, and ||v| > 0. O

Applying our lemma, since p(T")v = 0,v # 0, p(T) is singular, so p(x) cannot have only irreducible
quadratic factors. (Since otherwise, it would be the composition of singular operators.) Hence,
p(z) has a linear factor, and thus, 7" has an eigenvalue, assuming that 7" is self-adjoint.

Theorem 11.4. Let V be a finite dimensional inner product space, and let T € L(V') be self-adjoint.
Then T has an eigenvalue.

Lemma 11.5. Let V be a real inner product space, and let T' € L(V') be self-adjoint. Assume that U is
a subspace of V that is invariant under T. Then

1. U+ is invariant under T.
2. The restriction T'|y € L(U) is self-adjoint.
3. The restriction Ty € L(U4) is self-adjoint.

Proof. For the first statement, suppose that v € U+. We must show that Tv € U™, i.e.

(Tv,u) =0,Yu € U.
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But
(Tv,u) = (v, Tu) =0,

sincev € Ut and u € U = Tw € U. Thus, Tv € U+, that is, U' is invariant under 7. For the
second statement, recall that (-,-)y : V xV - R,and U C V = (-, )y = (-, )v|y. Letu,v € U.
Then

(Tv)w, v)v = (Tu,v)v = (u,Tv)y = (u, (T|r)v)v-
Thus, T'|y € L(U) is self-adjoint. Similarly, the third condition holds. O

12 Week 12

12.1 Lecture 20. Tue Nov 12

Theorem 12.1 (Real spectral theorem). Let V' be a real finite-dimensional inner product space, and
let T € L(V). The following are equivalent:

1. T is self-adjoint.
2. There exists an orthonormal basis {v1, ... vy} for V consisting of eigenvectors of T.
3. There exists an orthonormal basis {v1,...,v,} such that M(T,{v1,...,v,} is diagonal.

Proof. Just as in the complex case, conditions 2 and 3 are equivalent:
n
T’Uj = )\j?)j VJ <~ ij = Z Az’j”i, \V/],
i=1

where A = diag(A1,...,\,). Now we prove that conditions 1 and 3 are equivalent. Suppose the
third condition holds. Then

M(T*) = M(T)T = M(T) (a diagonal matric is symmetric)
=T"=T. (since M : L(V) — R™*™ is bijective)

Thus, T is self-adjoint. Suppose now that 7 is self-adjoint. We argue by induction on n = dim V.
For n = 1, the result follows simply because every 1-by-1 matrix is diagonal. Now, assume that
if iimU < n, and if S € L(V), is self-adjoint, then there exists an orthonormal basis for U such
that the matrix of S respect to that orthonormal basis is diagonal. Now let dim V' = n, and assume
T € L(V) is self-adjoint. We know that 7" has a real eigenvalue \;, and corresponding eigenvector
v1. WLOG, assume ||v1|| = 1. Define U = span(v1)* and S = T'|;y. Note that span(v;) is invariant
under 7, and therefore U is also invariant under 7. Thus S € £(U). Also, from last lecture, S is
self-adjoint. Therefore, by our induction hypothesis, there exists an orthonormal basis, {vs, ..., v,}
for U such that and numbers As, ..., \, € R such that

Svj:)\jvj, ,j:2,‘..,n.

Therefore, M (S, {vs,...,v,}) is diagonal. Since U = span(v;)*, {v1,...,v,} is an orthonormal
basis for V. Hence,
ij:)\jvj, jzl,...,n,

hence, M (T, {v1,...,v,}) = diag(A1,..., A\n)- O
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13 Week 13

13.1 Lecture 21. Tue Nov 19
13.1.1 Outer Products

Definition 13.1. Let V, W be inner product spaces, and let v € V,w € W be fixed. We define
w®v € L(V,W) the outer product of v and w by

(w@v)u= (u,v)yw, Yu€eV.

For future reference, note

In other words,

Also, note that
R(w @ v) = span(w)
= dimR(w@v) =1 (or 0if w =0)
= rank(w ®v) = 1.
So we often call w ® v a rank-one map. Let vy, ..., v, be an orthonormal basis of an inner product
space V. Now, consider

n

Z/\J v v]

J=1

n
Z)\] vj ®v;)v

=1

.

n

Zx\ vj @ vj

7=1

n
= T = Z)\jl}j ®’Uj.
j=1

In other words, the spectral theorem allows us to write 7" as the sum of rank-one operators.

13.1.2 Positive Operators

Definition 13.2. Let V' be an inner product space and let " € L(V) be self-adjoint. We say that T’
is positive iff (Tw,v) > 0,Vv € V. For a matrix A € R™", if AT = A, and A is positive, we tend to
call A positive semidefinite iff (Az) -z > 0,Vz € R™.

41



Theorem 13.3. Let V be a finite-dimensional inner product space, and let T' € L(V') be self-adjoint.
Then T is positive iff all of its eigenvalues are nonnegative.

Proof. Suppose first that T is positive. If Tv = v, with v # 0, then (T'v,v) = (Av,v) = A(v,v), SO
(Tv,v) > 0= X >0, since (v,v) > 0. Thus, all the eigenvalues of T" are nonnegative. Conversely,
suppose that all eigenvalues of 7' are nonnegative. Since 7' is self-adjoint, V' has an orthonormal
basis vy, ..., v, such that

n
T:Z)\jvj@’Uj, )\]20
j=1

= Tv = Z)\j<v,vj>vj, YoeV

j*l
(Tv,v) Zx\ v, vj U],Z<U,1)i>1)z‘>
i=1
=54,
f—’H

Z (v,v5)(v,v;) (v}, ;)

Aj(v,v5) (v, v;5)

NE ||M:

<.
Il
—-

Ail(v,vi)]? > 0,Yv € V.

I
NE

<.
Il
—

Thus, T is positive. O
Definition 13.4. Let V' be a vector space, and let 7' € £(V'). Then S € L(V) is a square root of T
iff 52 =
Theorem 13.5. Let V be a finite-dimensional inner product space, and let T' € L(V') be self-adjoint.
Then T is positive iff T has a positive square root iff T has a self-adjoint square root.
Proof. Suppose first that S € £(V) is self-adjoint, and S? = T. Then
Yo € V, (Tw,v) = (5%v,v)
= (Sv, Sv)
> 0.

Hence, T is positive. Conversely, suppose 7' is positive. Then V' has an orthonormal basis vy, ..., v,
such that

T:Z)\jvj@)vj, )\jZO,jzl,...,n
j=1
Define S € L(V') by (via the linear map lemma)

S’Uj:\//\j’l)j, j:1,...,n

But then

S vV = S SU] \/ U] \/)\jSUj = )\jvj = TU]',
for all j = 1,...n. Hence, S? = T. Note that S is self-adjoint by the spectral theorem, and its
eigenvalues are all nonnegative, so 7" has a positive square root. O
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13.1.3 Singular Value Decomposition
Lemma 13.6. Let V, W be inner product spaces, and let T € V,W. Then T*T is positive.

Proof. The proof that T*T is self-adjoint is easy. Consider then
(T*Tv,v) = (Tv,Tv) > 0,Yv € V.
Thus, T*T is positive. O

Theorem 13.7 (Singular value decoposition). Let V, W be finite-dimensional inner product spaces,
and let T € L(V,W). Then there exists orthonormal bases {v1,...,v,} for V and {ui, ..., up} for W
and o1 > o9 > ... > o}, where k is the minimum of m, n, such that

k
T = Zajuj ® vj.
j=1

Now, this theorem tell us that we can write M(T,{v1,...,vn},{u1,...,un}) = diag(oy,...,ox).
So we can diagonalize any finite-dimensional linear map, but we may have to use different or-
thonormal bases for the domain and codomain. We call 7" = Z§:1 oju; ® v; the singular value
decomposition of 7', where o1, ...,0; are the singular values of T, and v1,...,v, are the right
singular vectors of 7', and uy, . . ., u,, are the left singular vectors of 7.

Proof. Assume that dimW =m > n = dimV, so k = n. We know that 7" x T is positive, so there
exists an orthonormal basis vy, . .., v, for V, and nonnegative real numbers A1, ..., A, such that

T*ij = )\j’l)j, j = 1, oo, n.

]
We can re-order vy, ..., v, if necessary such that A\; > Ay > ... > )\, > 0. Suppose that \; > ... >
A > App1 = ... = A, =0, for r < n. Define o; = /A, for j=1,...,nand
u; = cr;lij, j=1...,nr
Then

(uj, ui)w = (o7 'Tvj, 07 ' Toi)w

= 0510;1<ij,TUi>W

= (Tj_lai_l<T*TUj,’Ui>v

= Uj_lai_1<0']2"vj,'l}i>v
(o,

= ;0% V5, V3)v

0.2

— 5.
005

— bij.

Then extend {uy,...,un,} to an orthonormal basis for 1V, and we have

ijzajuj, jzl,...,n.
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If n > m, then the above proof applied to 7™ yields orthonormal bases {ui,...,u,} for W and
{v1,...,v,} for V such that

n
*7 . . .
T = E oV @ Uj.
Jj=1

But then

T=T"*= ZUj’Uj@Uj

J=

—

I
NE

aj (v; @ u;)*
1

<.
Il

I
NE

Ol X Vj.

<.
Il
-

Theorem 13.8. Let V, W be finite-dimensional inner product spaces. Let T € L(V, W), and let

T:iajuj@)z)j (k = minm,n)
j=1
be the SVD of T. Suppose that o1 > ... > 0 > 0j41 = ... =0} = 0. Then
1. r =rankT = dim R(T),
2. {uy,...,u,} is an orthonormal basis for R(T),
3. {vy41,...,v,} is an orthonormal basis for null T,
4. {v1,...,v,} is an orthonormal basis for R(T*),
5. {up41,...,rn} is an orthonormal basis for null T™.

We call the four subspaces above the fundamental subspaces of T.
Sketch of proof. For all v € V, we know
Tv="7 oj{v,v)vu,
j=1
so that Tv € span(uq,...,u,). Also, forall j =1,...,r,
uj = T(o 'vj) = uj € R(T).
So
R(T) C span(uy,...,ur), span(ug,...,u,) € R(T).

Then namely, rank(7") = r. The rest follows from standard computation. O
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13.2 Lecture 22. Thu Nov 21
13.2.1 Solving Least-Squares Problems Using SVD

Suppose V, W are finite-dimensional inner product spaces. Let ' € L(V, W), and let w € W. If
Tv = w has no solution, i.e. suppose w ¢ R(7T). We may wish to solve the equation in least-squares
sense:
in||Tv — wl|§.
min||Tv — wliy

This is a projection problem, since R(7') is a subspace of W. By the projection theorem, v solves
the least-squares problem iff

(Tv—w,s)w =0, VseR(T)
— (Tv—w,Tu)yw =0, YueV
— (T"(Tv—w),u)y =0, YueV
T (Tv—w)=0
— T*Tv =T w. (The normal equation.)

Thus, T*Tv = T*w has a solution (because the projection problem has a solution), and every
solution of 7*T'v = T*w. Note that null(7*T") = null 7', so if T" is singular, there are infinitely many
least-squares solutions. Suppose that 7" has singular values

012 ...20,>0p41=...=0p=0.

(Assume that m > n.) Let vq,...,v, be the right singular vectors and w1, ..., u,, the left singular

vectors of T'. Then .

w= Z(w,uj>wuj,

j=1
and . .
Tv = (ZO']"LL]' & vj>v = Z aj<v,vj)vuj.
Jj=1 Jj=1
Note that
n
v= Z (v,vj)vvj = Za]z}], aj; = (v,v5)v.
Jj=1

So we can think of (v,v;)v, j = 1,...,n as the unknowns. We have

m
Tv—w—g oj(v,vj)vu; — g (w, uj)wu;
J=1

7j=1
r m
= Z (aj<v,vj>v - <w,uj>W> uj — Z (w, uj)wu;
j=1 j—'r+1
,
2 2y
T~ wlfy = 3 oy ooy — (w3 [,
i Jj=r+1
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Therefore, | Tv — w||?%, is minimized by taking

oj(v,v)v — (w,vj)w =0, j=1,...,r
= (v,vj)v = M, j=1,...,r
0j
(We have (v, vj)v,j = ,n free.) The set of all least-squares solutions is

wuj
E ———v; + E Qjv; Qpigly--- 0 €EF

7=1 j=r+1
Note,
2
'
(w uj (w uJ
Z (0 g 3 gy = S 2
j=1 j=r+1 % 7=1 Jj=r+1
So
,
3 (w, wj)w
, o
Jj=1

is a special solution: it is the minimum-norm least-squares solution. Note that

i Mvj € R(T*) = null(T)".
j=1

Thus,

In the special case that m = n = r, TT = T, In this case,

! :Z ! (vj @ uy)

g;
j=1"7

n
= T = ZU]'(U]' ®’Uj).
j=1

13.2.2 Generalized Eigenvectors and Eigenspaces

Let V be an n-dimensional vector space over a field F (no more inner product). Let 7" € L(V).
Suppose A1, ..., \; be the distinct eigenvalues of T'. Recall that

EN,T)={veV |Tv=Nv}={veV |(T—-NI)v=0}=nul(T - \I).
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We know that 7" is diagonalizable iff
V=EMT)®...06 E(\,T).

(We know E(\,T)+...+ E(\, T) is always a direct sum when Aq, ..., Ay are distinct eigenvalues,
but this is not always equal to V.) Since not every T' € L(V) is diagonalizable, we want to figure
out how to choose a basis B for V' such that M p(T') is as closed to diagonal as possible. We can do
this by achieving several goals.

Goal 1. Find V4,...,V}, such that
V=Vvie...eV,

and each Vj is invariant under 7. (Each eigenspace of 7' is invariant under 7', and if we had V'
writable as the direct sum of its eigenspaces, we will have achieved this.) Suppose that B; =
{vj1,-..,vjn,} is a basis for V;. Since Vj is invariant under 7,

nj
TUj,Z' = Z Blgi‘)vﬂ'vf — MBj (T|v]) = B(J)
/=1

Write B = B1 U...UV,é Then,
Tvji=Ovig+...4+01p0)+...+O0vj—11+...+ Ovj—l,nj_l)

T
+ Z Vzg])vj’z + (01)j+171 +...+ OUj+1,nj+1) +...+ (ka,l + ...+ kaﬁk)'
/=1

Thus,

Mp(T) =

This is true for every V; or (B;), so

It turns out that
VleeB...@Vk,

and each Vj is invariant under T if
Vi = G\, T) = null((T — X)),

the generalized eigenspace corresponding to \;.
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Goal 2. Choose a basis for each G(\;, T) so that each block BY) of Mp(T) is as nearly diagonal
as possible.

Lemma 13.9. Let V be an n-dimensional vector space over a field IF, and let S € L(V'). Then
null(S%) C null(S') € null(S?) C ...
and there exists m € ZT, m < n such that
null($7) C null($7TY), j=0,...,m—1,
and '
null($7) = null(S™), j>m.
Proof. Note that
venull(§) = v =0= v = 85(5)v =50=0= v € null($").

Note that null(S7) C null(S7/+!) implies that dim null(S7*!) > dimnull(S7) + 1. It follows that there
exists m,0 < m < n, such that
null(S™) = null(S™*).

Otherwise, dim null(S™*1) > n + 1, but null(S™*1) C V. Let m be the smallest such integer. Then
null($7) € null($’*), j=0,1,...,m— 1.
Finally, we must show that
null($7) = null(S™), Vj>m
— null(S™*) = null(S™), VEk>1.

We argue by induction on k. The case that & = 1 holds by definition of m. Suppose that £ > 1, and
null(S™*) = null(S™).

Then we must prove that null(S™+*+1) C null(SM). (We already know that null(S™) C null(S™+F).)
But
v € null(§™ ) — gmiktl, —

— S™FL(SFy) =0

— Sk € null(§™Y)

— S*y € null(S™)

— S™(Skv) =0

— Smtky =0

— v € null(S™) = null(s™).
Thus,

null(S™*) = null(S™), Vk > 1.

Note that for all S € £(V), there is a smallest m such that null(S7) = null(S™),Vj > m. But note
that for this m,
null(S™) = null(S™).

So if we didn’t want to take the trouble of identifying m, we could just refer to null(S™). O
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Lemma 13.10. Let V be an n-dimensional vector over a field F, and let S € L(V), then
V = null(S") & R(S™).
Proof. We know that
dimV = dimnull(S") 4+ dim R(R"),
so it suffices to prove that
null(S™) NR(S™) = {0},
since
dim V' = dimnull(S") + dim R(S") — dim(null(S™) N R(S™)).
So suppose z € null(S™) N R(S™). Then, since x € R(S™), there exists v € V such that x = S™v.
But then
x €mull(S") = S"x =0= S"(S"v) =0
— 5% =0
= S"v =0 (since null(5?") = null(S™))
=z =S5"=0.
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