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1 Week1

1.1 Lecture 1. Wed Aug 28
1.1.1 The Axioms of Probability

Definition 1.1 (Sample space). The sample space of a random experiment is the set of all outcomes
Q.

Definition 1.2 (Event). Given a sample space (), an event is a subset of 2. We think of collections
of events as collections of sets, denoted by F. We call F an o-algebra.

Definition 1.3 (Sigma algebra). We say that a collection of sets F is a o-algebra if the following
conditions are satisfied:

1. e F,

2. if A€ F, then A® € 7,

3. if Ay,..., A, is a sequence of sets in F, then | J_; A; € F. We may take n to be infinite.
Proposition 1.4 (De Morgan’s Laws). Let {A;} be some collection of sets. Then (|J; A;)¢ = N; AS.

Proof. Let x € (|J; A;)°. Therefore, z ¢ |J; A;. Then z cannot be an element of any 4;. Therefore,
= must be an element of each A{. This implies that z € (), AY. Now let y € ", AY. If y is not a

member of any A;, then it must be in the complement of the union of each A;. O
Definition 1.5 (Probability). For an event A, the probability of A occuring is P(A) = %.

Theorem 1.6 (Axioms of probability). Let Q2 be a nonempty sample space, and let F be a o-algebra
of sets of Q). We say P: F — [0, 1] is a probability measure if the following conditions are satisfied:

1. P() =1,
2. if {A;} € F are mutually exclusive (disjoint) sets, then P(|J; A;) = >, P(4A;).

2 Week 2

2.1 Lecture 2. Wed Sep 4
Theorem 2.1. If A, B € F,
1. P(0)=0.
2. IfAc B,P(A) < P(B).
3. The probability P(A®) =1 — P(A).
4. The probability P(A — B) = P(AN B®) = P(A) — P(AN B).
5. The probability P(AU B) = P(A) + P(B) — P(AN B).
Proof. We will prove some of these results, remaining are homework assignments.

1. Since 1 = P(2) = P(QU0) = P(Q) + P(0) = P(0) = 0.

3



3. We know Q = AU A%, and that A, AY are disjoint, so that P(Q2) = P(A) + P(A®) = P(A) =
— P(A%).

P((AUB)NA)U(AU

5. We have that P(AU B) = P((AUB)NQ) = P((AUB) N (AU AC)) =
) = P(A) + P(BN AC) = P(A) + P(B) — P(AN B).

B)N A%)) = P(AU (BN A%)

Theorem 2.2 (Principle of inclusion exclusion). The probability of a finite union of events

P<0Ai> = zn:P(A,»)—ZP(AmAj)—i— > PANANAL)+. .+ (=1)"M P(A1N 42N, .NA,)
=1 =1

1<j 1<j<k

Theorem 2.3. If Q) is finite, and each outcome is equally likely, then P(A) = %, for any event A.

Proof. Let Q = {w1,.. ,wpt. Then 1 = P(Q) = P(Ui_{wi}) = Yiny P{wi}) = nP({wi}) =
P({w;}) = 1 = & Then, P(4) = ¥, 4 P({wi}) = f3f M

3 Week 3

3.1 Lecture 3. Mon Sep 9
3.1.1 Conditional Probability

Definition 3.1. Let A, B € F. The conditional probability that A occurs given that B occurs is

defined by P(A | B) = P(;l(;)ﬁ*)’ P(B) > 0.

Theorem 3.2. The function P( - | B) is a probability measure.

Exercise 3.1. A fair die is rolled twice. Find the probability that one of the numbers is a 4 given
that the sum of the two dice is 7.

3.1.2 Law of Total Probability, Bayes’ Theorem

Theorem 3.3 (Law of total probability). Let {B;}>°, be a countable sequence of disjoint events such
that Q = |J;2, B;. Let A be any event, then

=Y P(A|B)P(B)).
=1

Proof. Notice that A = [ J;2,(A N B;). Then, since each B; is disjoint, P(A) = Y .o, P(AN B;) =
Y2y P(A| B)P(B). O

Corollary 3.3.1. Let A, B € F. Then P(A) = P(A | B)P(B) + P(A| BY)P(B°).

Theorem 3.4 (Bayes’ theorem). Let {B;}5°, be a disjoint countable set of events, with Q = | J;°, B;.

Then for any event A,
P(A| Bj)P(Bj)
>ty P(A| Bi)P(Bi)

P(Bj| A) =

4



3.2 Lecture 4. Wed Sep 11

Example 3.5. There are two identical urns. Urn I contains 3 red balls, and 2 black balls. Urn II
contains 5 red balls, and 4 black balls. What is the probability that a randomly chosen ball from
one of the urns is red.

3.2.1 Random Variables

Definition 3.6 (Random variable). Let ({2, F, P) be a probability space. A random variable X is a
real valued function X : Q — R where X !((—o0,a]) = {w € Q| X(w) < a} € F,fora € R.

Definition 3.7. The distribution function F' of X is defined by F'(z) = P{w | X(w) < x}. We write
this as F(z) = P(X < x).

Proposition 3.8. For all z,y € R,
1. 0< F(x) <1,
2. x<y= F(zx) < F(y),

3. lim F(z)=0, lim F(x)=1,

T—r—00 T—00

4. lim F(y)= F(z),

y—at
5. F(x—) := lim F(y) exists,
Y=~
6. F' has at most countably many discontinuities.
Lemma 3.9. Let Ay C Ay C ... C ... bean sequence of increasing sets in F. Then

o P = #( | 4n).

If B D By D ... D ...Is asequence of decreasing sets in F, then

lim P(By) = P( ﬂl Bn>.



4 Week 4

4.1 Lecture 5. Mon Sep 16

Lemma 3.9. Notice that U Aj = A1 U (Ay — A1) U (A3 — Ay) U.... All of the sets on the RHS are
i=1
disjoint, so that

P<Q AZ-> = P(A) + i P(A; — Ai_1)

1=2

=2
_ P4+ P(A) - P(A)
=2

N
= P(A1) + lim_ Z [P(AZ-) — P(Ai_y)

= P(A1)+ Jim [P<A2> — P(A1) + P(A3) — P(A3) + ...+ P(Ay) — P(Ay_1)

N—o0
O
Proposition 3.8.

(ii). Suppose = < y. Define B, = {w | X(w) <z} and B, = {w | X(w) < y}. Notice that B, C B,,
so that P(B,) < P(B,) = P({w| X(w) < 2}) < P({w | X() < y}) = F(z) < F(y).

o0

(iii). Define B,, := {w | X(w) < n}, for all n > 1. Therefore, U B, =, so that
n=1
P( U Bn> =PQ)=1
n=1
= lim P(B,) =1
n—oo
nh_}rgo F(n)=1.

(iv). Let {y,,} be an decreasing sequence such that ILm yn = . Set By, = {w | X(w) < y,}. Note



o0
that B, D By, D ..., so that ﬂ By, = B,. Then

=1

p<fjg>

P(By)

lim P(B,,) = P(B,)

n—oo

lim
n—oo

= lim F(y) =
y—zt

Theorem 4.1. The following hold true:

Proof. (1). Set B, 1 = {w | X(w) < 2 — 1}.

{B,_1} is an increasing sequence, so that
n

P{w | X (w <a:)}

4.2 Lecture 6. Wed Sep 18

4.2.1 Distributions and Independence

1 z€ A

Definition 4.2. Let [4(x) =
Al) { x ¢ A

Fyn) = F(x)

oo
Notice that {w | X(w) < z} = U B, 1. Also,
n=1 "

= P( U Bx_1>
n=1 "
= PP y)
1
= lim F <at — >
n—00 n

. Call I4(z) an indicator function.

Definition 4.3. Let Q = [0, 1], and X (w) = w € [0,1]. Let P be a measure that gives the length of a
set A: Pla < X <b| = P(x € [a,b]) = b — a. Then X has a uniform distribution over [0, 1].

Definition 4.4. Two events A, B € F are said to be independent if P(AN B) = P(A)P(B).

Theorem 4.5. If A, B are independent, and P(B) > 0, then P(A | B) = P(A).



Proof. We know P(A | B) = Pl(fég,;g) = P(;‘,)(ggB) = P(A). O

Example 4.6. If A, B are disjoint are the independent? No, since P(AN B) = P(A)P(B) =
P(A)=0or P(B)=0.

Example 4.7. Is it possible for A to be independent of itself? Now, P(AN A) = P(A)P(A) =
P(A)=P(A)? = P(A) =0V P(A) = 1.

Example 4.8. If A, B are independent, prove that A, B¢ are also independent.

Proof. Now, P(ANBC) = P(A)— P(ANB) = P(A)—P(A)P(B) = P(A)(1— P(B)) = P(A)P(B°).
OJ

Definition 4.9. A sequence of events {4, } is said to be independent if for any finite subsequence
i17i27 s 7ik)

P(AilﬁAiQQ...ﬂAik)

i
—
!
=
T

Definition 4.10. The random variables X,Y are independent random variables if for all z,y,
P(X <z, Y <y =PX <yPY <y).

Theorem 4.11. If X, Y are independent, then
P(X €AY ecA)=PXecAPY € A),
for sets of the form A = (p,q], B = (r,s].

Proof. Let A = (—o00,q], B = (r,s]. Then

P :UE(—oo,q],YE(r,s]] =P wgq,r<Y§s}

O]

Definition 4.12. Let {X,,} be a sequence of random variables. Then {X,,} is independent if for any
finite subsequence i1, ...,i; and x1,...,x, € R,

k
n—1
Definition 4.13. We say X is a discrete random variable if there exists a countable set {xz,} such

that  P(X =x,) = 1. Or, P(X ¢ D{xn}> = 0.

=1



Definition 4.14. We say X is a continuous random variable if there exists a function f : R — R
o0
such that F(z) = P(X <z) = / f(x) dx.
—00

Note. The function f is called the density or probability density function (pdf) of X.
Note. There are other types of distributions, for example, mixed distributions.

Definition 4.15. The probability mass function of a discrete random variable X is given by p(x) =
P(X =x), forall z € R.

Note. We must have p(z) = 0 except at countable many points. Also, Z p(x) = 1, and
x| p(z)>0
p(z) >0,V € R.

Example 4.16. Consider flipping a fair coin twice. Define X to be the number of heads observed
minus the number of tails observed. Therefore, X € {—2,0,2}. Then

0 z¢{-2072}
1
T =2
p(z) =41
b) r = 0
i = 2.
The distribution function of X is written
0 <=2
1
= <0
Fay={1 "
1 x <2
1 x>2.

Example 4.17. Is the following function a valid probability mass function:

log ("’5“) 1<zx<9,z€eZ
pz) =
0 otherwise.
Proposition 4.18. There exists an f such that the distribution of a random variable X is F(z) =
/ f(y)dy. This function f is also at least 0, for all x € R, and f is monotonically increasing.

Whenever the derivative of F exists, we also have F'(x) = f(z) > 0.

Proposition 4.19. We have/ f(z)dx = ILm F(z)=1.

5 Week 5

5.1 Lecture 7. Mon Sep 23
5.1.1 Expected Value & Variance

Definition 5.1. The expected value of a discrete random variable X, denoted by E [ X], is given by
EX]= ) 2P(X=u),
z|p(z)>0



Example 5.2. Roll a fair die twice. Let X be the number of 1s observed. What is the expected
value of X? Note that P(X = 0) = 2 P(X = 1) = and P(X = 2) = 1. Then E[X] =

Y Y
0.2 41.10 9.1 1 % & %
36 36 36— 3¢

Example 5.3. Suppose the pmf of X is given by

1

= n=1,23,....

Find E [X]. Note that
oo [e.e] 1

E [X] does not exist.

Theorem 5.4. If X is a discrete random variable and g : R — R, then

EjgX)= Y g@)P(X =),

z|p(x)>0

when 3 _|g(x)[p(z) < oc.

Proof. Let {g;} denote all the values g(X) takes. Denote Y = ¢(X), and 4; = {z | g(x) = y;}.
Then g(4;) = {y;}. Now,

Z?JJ Y =y;)
—Z%Z = 1)

TCA;
:Z Z g(z)P(X = x)
J x€A;
= Zg(x)P(X = z). (ANA; =2,i#7)

O
Theorem 5.5. The following hold true.
1. Expectation is linear: E[X + Y] =E[X|+ E[Y].
2. Expectation is homogeneous: E [aX]| = a E [X].
3. Forz <y,E[X]|<E[Y].
4. For constant k € R, E [k] = k.
5. For the indicator function 14, E[14] = P(A).

Proof of linearity. Let {x;} denote the values of z, and let {y;} denote the value of Y. Set Z :=
X +Y. Then let {z;} be the values of Z. Set A, := {(¢,j) | ;i + y; = 2 }. Then we have

P(X+Y =z)= » PX=u,Y=y).

10



E[Z] = szP(XJrY = z)

—sz Z X =uz,Y =y;)

—Z Z m7,+yj _:nl,Y:yj)
k (Z7])6Ak

—szz"i‘y] —«7327Y2yj)
_Zzwz *xz; :y])+y]P<X:Z7YZy])

(szz oy =) )+ (X P =iy — )
= (Zi:zxiP(Xzfci | Y:yj)P(yj)> + (ZZny(YZyj !XZ%)P(%‘))
:<Z¢:xiP(X_ ) <Zy] —yg)

Definition 5.6. The variance of a random variable X is given by
Var [X] =E [(X - E(X))?] .

Theorem 5.7. The variance of a random variable is also given by
Var [X] = E [X?] — (E[X])*

Exercise 5.1. What is the “best” prediction of a random variable X?  Find ¢ € R such that
E [(X — t?)] is minimized.

Solution. Call R(t) := E [(X —t)?]. Then

R(t) =E [(z — t)°]
=E [X? - 2tX +¢?]
=E[X?] -2 E[X]+¢
R(t)= 2E[X]+2t=0
=t=E[X].
In statistics, the best predictor or estimator of X is E [X]. O

Theorem 5.8. The following hold true:

1. Var[aX + b] = a® Var [X],

11



2. Var k] =0,Vk e R
Note. In general, Var [X + Y] # Var [X] + Var [Y].
Proof of 1. We have
Var [aX +b] = E [(aX +b— E[aX +b])’]
= B[(aX +b-aB[X]) - b
= *E[(X - E[X])?]
= a* Var [X].

5.1.2 More Distributions

Definition 5.9 (Bernoulli distribution). We say X is a Bernoulli random variable if P(X = 1) = p,
and P(X =0) =1 — p. We write X ~ Ber(p).

Theorem 5.10. If X ~ Ber(p), E[X] = p, and Var [X]| = p(1 — p).

Definition 5.11 (Binomial distribution). Consider n independent Bernoulli random variables X, Xo, ...

Set

n
X = Z X, = number of successes of n Bernoulli trials.
i=1

Then X is a Binomial random variable, written X ~ Bin(n, p).

Example 5.12. Suppose a fair coin is flipped 100 times. Then let X be the number of heads
observed. Then X ~ Bin(100, 1).

Example 5.13. Suppose we have n independent trials, and we know X is the random variable
modeling the number of successes we observe. Then P(X = k) = <Z> pP(1 = p)nk for k =
0,1,...,n.

Example 5.14. We know that if X ~ Bin(n,p), then X = X; + ... + X,,, for X; ~ Ber(p), i € [n].
Then
E[X] =) E[X]=np.
i=1

Theorem 5.15. If X ~ Bin(n, p), then Var [X] = np(1 — p).

5.2 Lecture 8. Wed Sep 25

Definition 5.16 (Poisson distribution). We say X has a Poisson distribution if

7AAk
P(X=k)=— A>0k=01,...

We write X ~ Poisson(A).

12

s Xn.



Theorem 5.17. If X ~ Poisson(\), then E[X] = .

Proof. We have

Example 5.18. Let X ~ Poisson(A),0 < A < 1. Find E [X!]. Find E [2*].
Proof. We have

ot -\ k
E[X!] =Y k° kf
k=0 )

Il
CBI
>
Eonl
L[]z
>
ol

and

Proposition 5.19. If X ~ Poisson(\), then Var [X] = A

Theorem 5.20 (Poisson approximation of binomial distribution). Let X,, be a sequence of random
variables, where each X,, ~ B(n, %), where A > 0. Then

-k
lim P(X, = k)= “ 2 Wk =0,1,2,....

n—00 ko

13



Proof. We know

ron=n=()G) 0-2)
“mm(s) (-3 (-3)

b ke () ()

e Mk

lim P(X, =k) =

O
Note. When p is small, we can approximate the binomial distribution with the Poisson distribution.

Definition 5.21 (Geometric distribution). Consider a sequence of independent events {4, } each
with the same probability of success. Then let X be a random variable equal to the number of trials
needed to observe the first success amongst {A,,}. We write X ~ Geom(p).

Proposition 5.22. For X ~ Geom(p), P(X = k) = (1 — p)*~1p, forall k = 1,2,.... Also, P(X >
k) = P(First k — 1 trials are failures) = (1 — p)*~ ™.

Theorem 5.23. Suppose X > 0, and X is discrete. Then
=Y P(X >ua).
x

Corollary 5.23.1. If X ~ Geom(p). Then E[X] = _.

Proof. We have by the previous theorem,

EX]=) (X>2)=) (1- =,
— pt T1-(0-p) »p
O
6 Week 6
6.1 Lecture 9. Mon Sep 30
6.1.1 Joint Distributions
Definition 6.1. The joint distribution function F : R? — [0,1] is defined by F(x,y) = P(X

I IA

z,Y < y),Va,y € R. The probability mass function p : R? — [0,1] is given by p(x,y) = P(X
x,Y =y).

Proposition 6.2. Let A, = {X = z},B, = {Y = y}. Then p(z,y) = P(A, N By). Note that
{(X =2}t =U,{X =2} n{Y =y}), so that

P{X =z}| = ZPA N By) Zp(x,y).

Let px(z) = >_, p(z,y). Similarly, let py(y) = >, p(z,y). Then px and py are called marginal
distribution functions.

14



Theorem 6.3. We have E [¢(X,Y)] =", > g(z,y)p(z,y).
Theorem 6.4. The events x and y are independent if and only if p(x,y) = px(z) — py (y), Yz, y.
Theorem 6.5. If X,Y are independent, then E [XY] = E[X]|E[Y].

Proof. Recall E[I4] = P(A). Then

XY = wylanig,
Ty

E[XY]=) ) 2yP(4,NB,)
z oy
= Zzp(xay)
=> px(@) py(®)
z oy

SICNEIS W)
x y
—E[X|E[Y].
O

Definition 6.6. If E[XY] = E[X]E[Y], we say X,Y are uncorrelated. Although this does not
imply X, Y are independent.

Example 6.7. Suppose X ~ Geom(a),Y ~ Geom(f), are independent. Define Z = min{X,Y}.
Find P(Z = k).

Proof. We know
P(Z > k)= P{w| Z(w) > k}
= P{w | min{X,Y} > k}
=P{w | X(w) >k, Y(w) >k}
= P<{w | X(w) >k} n{w | Y(w) > k‘})

=P(X >k)PY > k)
=P(X>k+1DPY >k+1)
= (1—a)*(1 - ).

Now,
P(Z=k)=P(Z>k-1)—P(Z -k
=[1-a)1 =" =1 -a)(1-p)*
=[-8 -8 1= (1-a)1-p)
This implies Z ~ Geom(1 — (1 — a)(1 — B)). O

15



Definition 6.8. The covariance between X and Y is given by
Cov [ X, Y]=E[X —E[z])(Y —E[Y])]
= E[XY]-E[X]E[Y].
Theorem 6.9. We have Var [X + Y| = Var [X] + Var [Y] +2Cov [X,Y].
Proof. We know

Var [X] = E[ 2] 2
:>VarX+Y:E[( ] ( [X +Y])?
=E [X2 +2XY + Y2] [(E[X])?+2E[X]E[Y] + (E[Y])?]
=E[X?] - *+E[Y?] — (E[Y])? +2[E[XY]-E[X]E[Y]]
= Var [X]+Var[ | +2Cov [X,Y].

O]

Proposition 6.10. If X,Y are independent, Var [X + Y| = Var [X]| + Var[Y]. Also, E[XY] =
E[X]E[Y], so Cov [X,Y] = 0.

Theorem 6.11. (CS for expectation) We have
E[(X,Y)] < VE[X?E[Y?],
ifE[X?] ,E[Y?] < cc.
Proof. Lett € R, and E [X?] > E [Y?] > 0. Consider E [(tX + Y)?] > 0. Expanding, we find
E[(tX+Y)*] >0
E [*X? 4+ 2tXY +Y?] >0
E[X?] +2tEXY]+E[Y? >0.

Note that the quadratic above can only either have at most 1 real root. Therefore, its discriminant
is less than or equal to 0. Therefore,

CEXY])?-4E[X*E[Y?]) <0
= E[XY]?<E[X?|E[Y?].

6.1.2 Sums of Random Variables

Proposition 6.12. Let X,Y be discrete. Consider Z = X + Y, and observe the set {w | Z(w) = k} =
{w]| X(w)+Y(w) =k} ={X +Y = k}. Then consider

(X+Yy =k =J{X=2}n{y =k -2}}
P{X+Y =k}=> P(X=xY=Fk—ux)

= ZPX,Y(SC, k—x). (Joint pmf px y)

16



If at this point X,Y are independent,
P{X+Y =k} =) px(x)py(k - )

Pxiy (k)= px(k—y)py ().
Yy

We call this sum the convolution of X,Y.

Example 6.13. Let X ~ Bin(n,p). Y ~ Bin(ng, p) be independent. Then

PX+Y =k}=)> P(X=iY=Fk-i
=0

=> P(X=i)P(Y =k — i)

= pkgmtna—k <n1 + n2> . (Vandermonde)

This implies that X + Y ~ Bin(n; + na, p).

Note. This ends the material for Exam 1.

6.2 Lecture 10. Wed Oct 2
6.2.1 Conditional Distributions

Definition 6.14. The conditional distribution of Y given X = z is defined by
Fyix(y|z)=PY <y| X =uz),
whenever P(X = x) > 0. The conditional probability mass function of ¥ given X = x is
PY\X:P(Y:MX:?C)'

We can also write this

PYY =y, X =x) _pxy(a,y)

pyix(y | x) = P(X = a;): px(z)

17



Note. To convince ourselves this actually defines a pmf, consider

o pxy(z,y)
1

= — x,
px(l’)ng’Y( Y)
1
= — T
px(.’L')pX( )
= 1.
Example 6.15. Consider
X\ |1 2
0 |01 0.2.
1 0.5 0.2
Then 0,2 02 2
px,y Y, .
2(0) = == = ==
pyix(2]0) px(0) 02101 3
and Pey(Ll) 05 5
X, Y4, .
1]11)= : = = —.
pxiy(L ) == = = 51505~ 6

Example 6.16 (Quiz 3 continued). Let X; ~ Poisson(A;), X2 ~ Poisson(\2) be independent. Then
X1+ X2 ~ Poisson(\ +A2). Find the distribution of X | X+Y, thatis, find the pmfof X | X+Y =n

Proof. We want to find P(X =k | X +Y =n) = px|x4y(k | n). Through some algebra,

PX=kX+Y =n)
P(X+Y =n)
_ P(X=EkY=n—-k)
P(X+Y =n)
_ P(X=kK)PY =n—k)

P(X=k|X+Y =n)=

P(X+Y =n)
e_’\lx\’f e_)‘Q)\g‘_k
kL (n—k)!
o e—(>\1+)\2)(/\1+>\2)"

n!
n!

AbAG—F

T k=) O+ X)FA + A

()G G
\k A1+ A2 A1+ A2

A1

- @ (Al + Az>k<1

AL+ A2

O]

Exercise 6.1. Let X, Y ~ Geom(p) be independent. Find the conditional pmf of X given X+Y = n.

18



Proof. Recall that P(X +Y =n) = (n — 1)p*(1 — p)"~2 (in class exercise). Then
P(X = k)P(Y =n—k)
P(X+Y =n)

_A=p*lp-a-p)"
(n—1)p*(1 —p)" 2

P(X=k|X+Y =n)=

_ 1
Cn—1
L]
Definition 6.17 (Discrete uniform distributions). Let X be a random variable, such that X —
{1,2,...,n}, and P(X = k) = 1, then X is a discrete uniformly distributed random variable.
7 Week 7

7.1 Lecture 11. Mon Oct 7

7.1.1 Conditional Expectation

Note. Recall py|x(y | z) = 22450 = p(y =y | X = 1),

Definition 7.1. The conditional expectation of Y when X = z is defined by

ElY | X =a]= Zy pyix(y | @).

Proposition 7.2. We know E [Y] is a constant. However, E[Y | X = z] is a function of x. Let {)(X) =
E[Y | X]. We call ¥(X) the conditional expectation of Y given X. Note that )(X) is a random
variable.

Theorem 7.3. Consider 1/(X) = E[Y | X]. Then E[(X)] = E[E[Y | X]] = E[Y].

Proof. We know

=S b@px()
= ZE[Y | X = z]px(x)

— Z::Zy:ymwx(y | z) - px(z)
_ ;Zy m;ox(w)
:Zyy%:p(x,y)

zépy(y) =

19



Example 7.4. Consider
=Y E[X|Y =y|P(Y =y)=E[X | B]-P(B)+E[X | BY] P(B°).

Example 7.5. Consider

X\ |1 2
2 0.2 0.3.
3 0.3 0.5
Then
EX|Y=1]= Zfﬁpxwfﬂy
= 2PX\Y(2 | 1) +3pxy(311)
_, PR L, PG
py (1) py (1)
0.2 0.3 1.3
0.5 + 0.5 0.5
Also,

E[X |Y =2]=2pxy(2]2)+3px)y(3]2)
P(2,2) _P(3,2)

=2
py(2) Py (2)
0.3 0.2
—2-C 43" =24
05+305

We can also find
EX]=E[X|Y=1PY =1)+E[X |Y =2/ P(Y = 2) = (2.6)(0.5) + (2.4)(0.5) = 2.5.

Theorem 7.6.
1. The conditional expected value E [k | X] = k.
2. Conditional expectation is linear:

E[aX +bY | Z] =aE[X | Z] + bE[Y | Z].

3. If X, Y are independent, then E[X | Y] = E [X].
4. For any real valued function g, E[g(Y)X | Y] =g¢(Y)E[X | Y].
5. The tower property / law of iterated expectation is as follows:

EE[X |Y,Z]|Y]|=E[X|Y].
Proof of 3. If X, Y are independent, then
E[X|Y =y = va pxy (x| y)

N zz::r pY(Z/)
_ N, bx@)py(y)
a zx: py (y)

= E[X].
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Proof of 4. Let g be a real valued function. Then
E[gY)X |Y =y] = Zg V)T - papy( | y)

Zx'pﬂy
=g EX Y =y].
d

Example 7.7. A fair coin is flipped continuously. What is the expected number of flips required to
observe the sequence HH?

Proposition 7.8. For X a random variable,

argmin E [X — a]® = E[X],

a

and
minE [X — a]® = Var [X].

a

Theorem 7.9. If his a function of Y and E [h(Y)?] < oo, then E [(X — h(Y)?)] > E[(X —E[X | Y])?].
In addition, if E [(X — h(Y))?] =E[(X —E[X | Y])?], then E [(h(Y) —E[X | Y])*] = 0.

7.2 Lecture 12. Wed Oct 9
Proof of Theorem 7.9. We have

E[(X —h(Y))?] =E[(X—E[X |Y]+E[X | Y] - h(Y))?]
—E[(X -E[X |Y) + (B[X | Y] - h(Y))?]
20
—E[(X -E[X|Y]))] +E[(E[X |Y]-h(}Y))?]
+2E[(X ~E[X | Y)E[X | Y] - h(Y))].

I

Now,

[I=E[(X-E[X |Y)E[X|Y - h(Y)])]
=EE[(X-E[X |Y])(E[X |Y]-h(Y))|Y].

Recall that
1. EX]=E[E[X |Y]],
2. E[g(Y)X |Y]=g(Y)E[X | Y],

3. E[X |Y]is afunction of Y.

21



Therefore,

[=E|(E[X|Y]-h(Y)E[X -E[X|Y]|Y]
g(Y) EX|Y]-E[E[X|Y]Y]
=0 (Why?).

Now,

E[(X - h(Y))?] =
>

(X -EX Y]] +E[E[]X|Y)-h(Y))]

E
E[(X-E[X|Y])?].

O

Note. The second statement of Theorem 7.9 states that a certain set of functions of Y, E[X | Y]
are the “best” approximations of X. (This set of functions is the set of L?(Y") functions.)

7.2.1 Continuous Random Variables

Definition 7.10. We call X a continuous random variable if F(x) = P(X < z) is a continuous
function.

Definition 7.11. We call X an absolutely continuous random variable if there exists an integrable
function such that F'(z) = / fly) dy.

Note. We will refer to absolutely continuous random variables as just continuous in this course.

However, there are continuous random variables that are not absolutely continuous. For example,
Cantor random variables are continuous but not absolutely continuous.

Proposition 7.12. Consider X a continuous random variables. Then
P(Xe€A)= / f(z)dx,
A
for any A such that X ~'(A) € F. Particularly useful is the fact that

P(aSXSb):/bf(:r)dx.

Note that f(x) is not a probability.

Proposition 7.13. In the case that X is a continuous random variable,

1. f(x) =0

2. /_Z flz)dx = 1.

Theorem 7.14. If F is continuous, then P(X = z) = 0, for all .
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b
Proof. Let y € R. We defined P(a < X <b) = / f(x)dx. We want to find P(y < X <y). This is

Pysx <y = [ @
Yy
=F(y) —

F(y)
=0.

7.2.2 Continuous Distributions
Example 7.15. Let X ~ U(a,b) be a uniformly distributed random variable. That is,

f(w)={b‘1“ o

0 otherwise.

Definition 7.16. Let X be a random variable with distribution function

e AT z>0,A>0
flx) = .
0, otherwise.

Then X has an exponential distribution.

Definition 7.17 (Normal distribution preview). If X is a random variable with the distribution

function
1 _(e-p)?
e 22 | zrzeR —oco<pu<oo,0>0,

fz) =

2ro

then X is a normally distributed random variable. We write X ~ N (u,0?).

7.2.3 Expected Value of Continuous Random Variables

Definition 7.18. The expected value of a continuous random variable is

BIX) = [ afa)de,

—0o0
when this integral exists.

Theorem 7.19. Let f be the pdf of X and f(x) = 0, when z < 0. Then

E[X] = /000(1 ~ P(2))dz = /OOOP(X > ) da.
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Proof. We have

/OOOP(X >a:)dx:/3::/y:1f(y)dyda:

- / f(y) da dy
y=0 Jz=0

= /yooof(y) /:0 dy dz

_ /yoooyf(y) dy = /ny(y) dy

—E[X].

Example 7.20. Suppose the pdf of X is

f(x):{Qx O<xr<l1

0  otherwise.

Find P(X > 1), and E [X].

8 Week 9

8.1 Lecture 13. Mon Oct 21
8.1.1 Standard Normal Distribution

One distribution worthy of study is the standard normal distribution, which is the normal distribu-
tion with parameters p = 0, and o2 = 1.

a2
Example 8.1. Let f(z) = ez . Suppose

V2
() = CLEIE) gy g,
For instance,
Hy(z) = L ;%675”2 = —xf(x)
1(x) = Nor =
Consider
n—+1 T
Hoa(w)f(z) = (-1 T
d ((=1)"d"f(=z)
& (=)
= L H ()1 (@)

= —[H](2)f(z) + Hu(z)f'(z)]
= —[H}(x)f(x) — Hn(z)zf(z)]
= Hyy1(2) = 2Hy () — Hy, (7). (J () is positive)
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Note. These polynomials H,(z) are called Hermite polynomials.

Example 8.2. Let f(z) = \/#2?6%. Let ®(x) = / f(u) du. Prove that

, ifxz>0.
Solution. Note that

|~ ®(z) = P(X > x)/:of(u)dug /; ! f(u) du.
Now,

1—<1><x>s1/°° uf(u) du

= / f'(u (From previous problem)

- f(@))
).

1
Fh
fx
T

Example 8.3. Suppose X ~ U(0,1), and Y = eX. Find fy (v), Fy (y).

Solution. Take logs of both sides of PleX < y]. O

8.1.2 Joint Continuous Random Variables

Definition 8.4. The joint distribution of X, Y continuous random variables is given by

Fla,y) = P(X <2,V <y) :/y / £ () du do,

where f is the joint density function of X, Y.

=/_Zf<x,y>dy
:/_Zf(x,y)dx

These are called marginal density functions of X, Y.

Definition 8.5. Consider

and

Proposition 8.6. We have, for X,Y continuous random variables,

1. f(z,y) 20, Vz,y,

2. /_Z/_Zf(x,y)dyd:v: 1.
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Example 8.7.
1. The joint density function of X, Y continuous random variables is given by

flz,y) E(l-y) 0<r<y<l1
'1:7 — .
Y 0 otherwise.

Find k, and find fX (.T}), fy (y)

Solution. We know

=k =06.
Now,
)= [ flen)dy
i 6/[ f(lew dy
2 T
-4 (%)
:6(;—:6—%932)
Also,
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2. For sufficiently nice sets B € R?,

IWXWEE=/Ajmw@M

Find P(X +Y < 1).

8.2 Lecture 14. Wed Oct 23
Definition 8.8. The random variables X, Y are independent if
P(X <z Y <y =PX<z)PY <y),Vz,y.

This is equivalent to
Theorem 8.9. The random variables X,Y are independent if and only if

f(z,y) = fx(z) - fy(y),Vz,y.

8.2.1 Sums of Continuous Random Variables

Theorem 8.10. Let Z = X + Y, for some random variables X,Y. Let f(x,y) be the joint density
function of X,Y. Then
oo
z):/ f(z,z —z)dx
—0oQ

2) = / " px(@)fy (2 — x) da

If X,Y are independent, then

Proof. Consider

Fz(2)=P(Z < z)
=P(X+Y <2)

://fmydacdy
y=z—2x
:/ / f(z,y)dydx

Lety=w— 2= w=y+ x. Then
y=z—T [e's) w=z
/ / fx,y dydx—/ / flz,w—z)dwdz.
=— =—00 r=—00 JwW=—00

Recall that fz(z) = d%FZ(z). Then taking the derivative of both sides w.r.t. z gives us

z)—/_Zf(:):,z—x)d:U
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Example 8.11. Let X, Y ~ N(0,1) be independent. Set Z := X + Y. Find fz(z2).

)
1 =L

Solution. Note that fx(z) = orse 2. Then

oo

fz(2) = 3 fx(@)fy(z —x)dx

oo
1 _-2?
2

> 1 z
= / ——e 2 e
oo V2T V2T

1 [ _1p2
6—5[:0 +(22—2zx+2?)) d

dx

2

oo
_ 216_222/ e—%[2x2—221’} dr
u —00

= ieié /OO 67(3327‘2‘1‘) dw
27 oo
z2

2 o0
- LeE [t
27 oo
1 o0

Xz

zZ
2 2
2 2
= e TeT e~ (=3 dg
27 oo

Let u = (z — £)v/2. Then

2 . 27 oo V2
1 =221 * 1 u?
=—e 4 —V27 ——e 2 du
27 \/Q /—oo \/ﬁ
1 22
= ¢ 7
2y/m
1 22
— T 2(2)
V22

8.2.2 Continuous Conditional Distributions
Definition 8.12. The distribution function of X given Y = y is defined by
Fyy (- 1),
and is defined by
Fyy(zly)=P(X <z|Y =y)

_ " Sy
B —o0 fY(y) d ’

for any y such that fy (y) > 0. We also may write

_ flzy)
fX|Y(=T ly) = )
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so that .
Fyy(@|y) = / Fxpy (| ) du.

We call fx|y the conditional density function of X | Y =y.
Proposition 8.13. The function fx|y (- | y) is a valid density function.

Proof. That is,

< flx,y) de

o JY(y)

1 [ee]
) L
1.

/_ " (e |y de =

Example 8.14. Let

zy 0<z<1,0<y<?2
flz,y) = .
0 otherwise.

Find P(X <1 |Y =1).

Solution. We want to find fxy(z | y) = ]}(Yx—(yy)) Consider that

=

Therefore,

=

)= [ ravte | s
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9 Week 10

9.1 Lecture 15. Mon Oct 28
9.1.1 Conditional Expectation of Continuous Random Variables

Definition 9.1. The conditional expectation of X given Y = y is defined by

o0

E[X|Y =y =/ 2y (@ | ) dz,

—0o0

where fyy(z |y) = %

Example 9.2. Suppose
6(1l—y) O<z<y<l
0 otherwise.

f(w,y)Z{
1. FInd E[X | Y = y].

Solution. We know ey

fy(y)z/ 6(1— y) dr = 6y(1 — ),

=0

and 61_y) 1
-y
x = ——= = —
fxy (@[ y) 6y(1—y)
Thus,
=y 1 y
E X Y:y:/ r—dr =<,
(X | ] T 5
for0 <y < 1.
2. Find E [X].

Solution. Since E [X] =E[E[X | Y]], we have

EEX|YI= [  BI|Y=ifr)d

=—00

y=ly
=/ 561/(1 —y)dy
y=0

1
23/0 (v* —y*) dy

1
4.

Proposition 9.3. Suppose X is a continuous random variable. Then
oo

EX)= [ BIX|Y =yl frln)ds
—00

and -
E[Y] :/ E[Y | X = 1] fx(2) da.

—00
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Exercise 9.1. Let

3Oxy2 r—1<y<1l—2,0<2x<1
flz,y) = .
0 otherwise.
FindE[Y | X = {].
Solution. The final answeris E[Y | X = 1] = 0. O

Example 9.4. Let X ~ B(n,Y), Y ~ U(0,1). Recall that if X ~ B(n,p), then E[X]| = np,
Var [X] = np(1 — p), and if Y ~ U(a,b), then E[Y] = %2, Var [V] = ¢=2° Find

1. E[X],

2. E[XY],
3. Cov[YE[X | Y]]
Solution. Note that E[X] =E[E[X | Y]] = E[nY] =nE[Y] = in. Also,
E[XY]=E[E[XY | Y]]
—E[YE[X | Y]]
=nE[Y?]
=n(Var[Y] + (E[Y])?)

(L 1y _n
Co\12 4 3
Finally, recall that Cov [X,Y] = E[XY] — E [X]E[Y]. Now,

Cov [Y,E[X | Y]] = Cov[Y,nY]
=E[Y(nY)] - E[Y]E[nY]
=nE[Y?] -nE[Y]

=nVar[Y]
_"
C12°
O
9.1.2 Well Known Inequalities of Probability
Theorem 9.5. Let Z be a nonnegative random variable. Le. f(z) = 0,Vz < 0. Then
E[Z] > 0.
Proof. (Assume Z is continuous.) Then
E[Z] :/ z2f(z)dz
= z2f(z)dz
0
>0
O



Theorem 9.6. If X <Y, then E[X| < E[Y].
Proof. Let Z =Y — X > 0. Then
E[Z]=E[Y -X]>0=E[Y]-E[X]>0=E[Y] > E[X].
d

Theorem 9.7 (Rajinda calls this “Basic inequality”). Let X be a random variable, and h a non-

negative function. Then Va > 0,
B [h(X)]

P(h(X)>a) < .

Proof. Leta > 0, and set A := {x | h(x) > a}. Let
>
Ia(x) = 1 z€A=h(z)>a
0 z=¢ A
Notice that A(X) — al4 > 0. Therefore, h(X) > ala, so
E[h(X)] > aE[l4]) = aP(A) = E[h(X)] > aP[h(z) > qa].
Theorem 9.8 (Markov’s inequality). The probability

E|[|X
px|za < B0 oy

Proof. Follows from Theorem 9.7. O

Theorem 9.9 (Chebyshev’s inequality, probability). The probability

E [X?]

P(IX|>a) < ,a>0.

Proof. Consider that
1X| > a <= X?>d%

Then
P(|X|>a)=P(X?>d%.

Then by Theorem 9.7 (since h(zx) = z?2),

B(X| > < 2]

Example 9.10. Prove P(|X —E[X]| > a) < V%Q[X]
Proof. Let Y = X — E [X]. By Chebyshev’s inequality,

E[Y?] E[(X-E[X])?] Var[X
P(Y] > a) < EQ]— (X—BIX)']  Var[x]

a a
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9.2 Lecture 16. Wed Oct 30

Example 9.11. Let X be a continuous random variable such that Var [X] = 0. Prove that X is a
constant with probability 1.

Proof. We will prove P(X = E[X]) = 1. Define C,, = {|X — E[X]| > 1}. Consider

1 Var | X
P(Cy) :P<X—E[X]| > > < af[Q Y
" (=)
Notice that {C,,} is increasing. Let us consider
P(X #E[X]) = P( U Cn>
n=1
= nh_)rgo P(C,) =0.
Hence, P(X = E[X]) = 1. O

Definition 9.12. Let g : R — R. We call g convex if Vz,a € R, 3\, € R such that
9(x) = g(a) + Xa(z — a).
Example 9.13. Consider g(x) = €.
Theorem 9.14 (Jensen’s Inequality). If g is a convex function, then
E [9(X)] > g(E [X]).

Proof. Choose a = E [X]. Then there exists A\, € R such that

9(X) > g(E[X]) + Aoz — E[X])
E[g(X)] > E[g(E[X]) + Ao(z — E[X])]
=E[g(E[X])] + M E[X - E[X]]
= g(E[X]) + \(E[X] - E[X])
= g(E [X]).

Theorem 9.15 (Holder’s Inequality). If P,Q > 1, and % + 5 =1, then

E(IXY(] <E[X["] B[V
Theorem 9.16 (Minkowski’s Inequality). If P > 1, then

(B[X +YP)? <E[X]")r + E[Y]]r
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9.2.1 Convergence of Random Variables

If X1, Xo,...,is a sequence of random variables on ({2, 7, P), and X is another random variable
in the same space, how do we interpret the convergence of of X,, —+ X as n — oo. Recall the
epsilon-delta definition of convergence from analysis: If {a, } is a sequence of real numbers, we say
a, — aasn — oo if Ve > 0, AN € Z* such that |a,, — a| < &, Vn > N.

Definition 9.17 (Modes of convergence of random variables). The following are conditions which
we define for a sequence of random variables to converge. Let {X,} be a sequence of random
variables, and let X be a random variable, all in (22, 7, P).

1. Almost sure convergence: we say X, — X if

Plwe Q| nl;rglo Xp(w) =X(w)) =1.

2. The rth mean convergence: we say X,, — X if Vr > 1 € R, and E[|X,,|"] < oo, forall n € Z*,
and
lim E[|X, — X|]" =0.

n— o0
3. Convergence in probability: we say X, L X ifve > 0,

lim P(|X, — X|>¢)=0.
n—oo

4. Convergence in distribution / law / weak convergence: we say X,, DX if

lim P(X, <z)=P(X <uz).

n—o0

Equivalently,

li_>m Fx,(z) = Fx(x), VY such that F'x is continuous.
n—0o0

Note. These conditions for convergence are not equivalent, but we have some nice properties.

Proposition 9.18. Let {X,,}, X be as above. Then
X, 5x=Xx,5x=x,2X,
and X, &> X = X, I x. Any other implications do not hold in general.

Example 9.19. Let X, L X. Prove that Xn I x.

Proof. Use Markov’s inequality. O

10 Week 11

10.1 Lecture 17

Theorem 10.1. Let X, i L, and let g be continuous at L. Then g(X,,) Ly
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Proof. Let e > 0 be given. Then there exists § > 0, such that

|z — L] <6 = [g(z) —g(L)| <e
= [g(x) —g(L)| > L= |z — L[ >
= {lg(Xn) —g(L)| > e} C{|Xn — L| > &}
— P{|g(X, — g(L))| > e} < P{|X,, — L| > 6} = 0, asn — oo
= P{lg(Xn) —g(L)| > e} — 0.

Lemma 10.2. Forall a € R, and for all € > 0,
PlY <a|<P[X <a+e|+Pl]lY — X|>¢]

Proof. Consider

PlY <al]=PY <a,X<a+e)+PY <a,X >a+e¢)
<PX<a+¢e+PY-X<a—-X,a—X < —¢)
<P[X<a+e+PY -X < —)
<PX<ate+PY —X<—e)+PY—X>¢)
=P X <a+e]+P(|Y - X|>e).

Theorem 10.3. If X,, = X, then X,, 2 X.
Proof. Leta € R, e > 0. Then

P(X, <a) < P(X <a+e)+P(|X0 — X| > o).

Consider also
P(X <a—¢)<P(X,<a)+P(X,—X]|>e).

Hence

P(X<a—¢)-P(|X, - X|>¢e) < P(X,<a) < P(X<a+e)+ P(| X, — X[ >¢)
— P(X <a—-¢)< lim P(X,,<a)<P(X<a+e¢)

n—o0

Fx(a—¢) < ILm Fo(a) < Fx(a+¢).

If Fx is continuous at a as € — 0, then
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10.1.1 Law of Large Numbers
Proposition 10.4. Let {X,,} be i.i.d (independently and identically distributed), with E [X;] = p,

Var [X;] = 02, and
Sn = Xp.
k=1

Then .
E[S,) =Y E[X,]=npu
k=1
Also,
Var S, = Z Var [X;] = no?,
k=1
and

Theorem 10.5 (Weak law of large numbers). Let {X,} be iid, with E[X;] = p < oo, and
Var [X;] < co. Then

Proof. Let e > 0. Then we want to show that

lim P{

n—oo

Sn
—,u‘>5} =0.
n

By Chebyshev’s inequality,

E[(% — 7]
22
E [(S, — np)?]
n?e?
E [(Sn — E[S4])?]
n2e?
Var [S,,]

n2e?

7’LO'2

n2e2
2

o
:—2—>0asn—>oo.
ne

Example 10.6. Let {X,,} be i.i.d, with X; ~ Bin(m, p). (Thus, E [X;] = mp). Hence

X1+X2++Xn P
— mp asn — oo.

n
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Theorem 10.7 (Strong law of large numbers). If {X,,} is i.i.d, and E [X;] = p < oo, then

Xl+...+Xn as
n

Note. In general, if {X,,} is a sequence of random variables, and E [X;] = p; < oo, we say {X,,}
obeys the weak law of large numbers if for all £ > 0,

P[X1+X2+-~~+Xn_H1+N2+---+Nn
n n

>5} =0.

We say {X,,} obeys the strong law of large numbers if almost sure convergence holds.

Theorem 10.8 (Kolmogorov’s first theorem). If {X,,} are i.i.d, then {X,} obeys the weak law of
large numbers iff E [|X;]|] < oc.

Theorem 10.9 (Chebyshev’s theorem). If {X,,} is a sequence of random variables such that X; is
independent from X; for every i # j, and there exists an M such that Var [X;] < M, for all n € Z*,
then {X,,} obeys the weak law of large numbers.

Theorem 10.10 (Markov’s theorem). If
1
— Var [X; +...+ X,] =0,
n

then { X, } obeys the weak law of large numbers.

Theorem 10.11 (Kolmogorov’s second theorem). If {X,,} are independent, and Var [X;] = o2, then

© 2
Z % < o0 = {X,,} obeys the strong law of large numbers.
i=1

11 Week 12

11.1 Lecture 18. Mon Nov 11

11.1.1 Moment Generating Functions

Definition 11.1. A moment generating function M of X is a function defined as
M(t) = E [¢X]

for all ¢ such that M (t) < oc.

Proposition 11.2 (An assumption). We will assume that M is smooth over some ball containing 0.
(That is, M exists for all n € Z+.)

Theorem 11.3. Let M be a moment generating function of X. Then M (0) = E [X™].

Proof. The Taylor expansion of M centered at 0 gives

X M™(Q) -t
M(t) :ZM

|
n.
n=0
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Also,

X7 [ (X))
E ] =E Z_% - ]
> E[X"t"
- n! = M)
n=0
This implies that M) (0) = E [X"]. O

Theorem 11.4. If X,,..., X, are independent and My, denotes the moment generating function of
X, then the moment generating function of the sum

n n
doxiois o [ Mx, ().
=1 =1

Or we can write

i=1
Proof. Write
My, x,(t) = E [ /=i %]
= E [etXletXQ etXTL]
=E[] B[] B (since X1, ..., X, are independent)

Theorem 11.5. Let Y = aX. Then
My(t) = Mx(at).

Proof. Consider that
My(t)=E[Y] =B [e(“ﬂﬂ} — My(at).
O

Theorem 11.6. Let Mx, My denote the moment generating functions of X, Y. If there exists a > 0
such that
Mx(t) = My(t), Vit € (—a,a),

then X,Y have the same distribution.

Theorem 11.7 (Levy’s Continuity Theorem). Let { X,,} be a sequence of random variables, and { M, }
denote the corresponding moment generating functions. If M, (t) — Mx(t), for all t € (—a,a), then

X, 2 x.
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Example 11.8. Let X ~ N(u,0?). Then
M(t) = ettt

Consider y =0, 0 =1 (X ~ N(0,1)). Then

M(t):E[etx]:/ et ! e%ﬁdx

o0 V2T
/ —(ac —th) d
e
\/27‘1’
(z— t)2 2 d
€
r/
—(z—t)?
2 dx
V 7T
N—
Nors
t2
= 67 .
11.1.2 Central Limit Theorem
If X1, Xo,...arei.i.d, and
n
. ¢
X, = Q, (called sample mean)
n

and E[X;] = p, Var [X;] = 02, then E [X,,] = y, and Var [X,,] = 2° We want to make some
statements about the behavior of X,, as n — oo.

Theorem 11.9 (Central Limit Theorem). If {X,} is an i.i.d sequence of random variables, with
E [X;] = u < oo, and Var [X;] = o2, then

\/ﬁa

Proof. Assume p = 0, 0 = 1, with M, the moment generating function of M, smooth over (—a,a),
for some a > 0. We have

(0,1).

S ELx
Vi

=

The moment generating function of \Xf is M (%) The moment generating function of
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Our goal is to prove

Mzzr_lzl x; (t) — ez
vn
— Zl—; 2, N(0,1).
Set
L(t) =In M(t).
Then
L(0)=InM(0) =InE [¢"*] =In1 =0
Also,
M'(0) _ E[Xi] _p
/ — f— -
L= M©O) 1 1

We also have

L”(O) _

= L"(0) = 1.

Now,

t t
li InM{—| = 1li L\ —
i i () = i ot )
t

This is sufficient to prove that

By Levi’s continuity theorem,
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Example 11.10.
1. Suppose {X,} is a sequence of independent random variables such that X,, ~ B(m,p), for
n € Z*. Then E [X;] = mp, and Var [X;] = mp(1 — p). Therefore,

Xi—p  Xp—mp p

o = — N(0,1)
n mp(1—p)
This means that for sufficiently large n,
X, —
Sn TP N(0,1).
mp(1—p)

n

2. Suppose {X,,} is a sequence of independent random variables such that X,, ~ U(0,1),Vn € Z*.

Estimate
100

P(Z;Xig%).

Now, since X, is uniform for all n € Z¥, E[X,] = §, Var [X;] = &, = §,0% = &, and n = 100.
Therefore,

n 100 1 1
o X, —100(5 55 — 100(%
P{ing%] :P[zl_l 3 <2>]
i=1 104/% 10-1/%
55—50}

104/ 15
55 — 50
q><>
104/ 15

Q
g

2

11.1.3 Stochastic Processes

Definition 11.11 (Stochastic Processes). A stochastic process is a collection of random variables
{X:}ieT, where ¢ typically represents time.

Definition 11.12 (Markov Chains). Let { X, } be a sequence of random variables taking values from
a finite set S = {1,2,..., M}, where S is called the state space. If

P[Xn_H:j’X :in,...,XQZiQ]:P[Xn_i_l:j‘Xn:i], Vi,jES,

then we call { X,,} a Markov chain. This property is called the Markov property. One can understand
the Markov property as stating that given X, the next state X,, ;1 depends only on the current state
Xn.

Note. Markov chains are applied heavily in machine learning, specifically in reinforcement learn-
ing. See Markov decision processes.

Definition 11.13 (Transition probabilities, time homogeneity). Denote P;; = P(X; = j | Xo = ).
We say {X,,} is time homogeneous if

Pj=P(Xpp1=7| Xn=1).
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11.2 Lecture 19. Wed Nov 13
11.2.1 Markov Chains

Proposition 11.14. The Markov property is equivalent to the following statement:
P(Xn+m =7 ’ Xn=4,Xn1=1Ip_1,...,X0 = 7,0) = P(Xn+m =7 ’ X, = Z), VZ,j € S.

Proof. You can prove this using the law of total probability, and induction. Show that there is no
dependence between X,, 1, and X,,_1, X,,_2,..., X( given X,,. O

Exercise 11.1. If {X,,} is a Markov chain, is { X5, } a Markov chain?
Proof. SetY,, = Xs,. Consider
P(Yn—H :] ’ Yn = i;Yn—la'--ay()) = P(X2n+2 :] ‘ X2n = iaX2n—27"'7X0)

(Xonyo =J | Xop =1)

=P
=P(Yor1 =7 |Y,=1).

Therefore, {Y,,} is a Markov chain. O

Note. Rajinda writes a standalone Y,,_1, for example, to mean Y,,_; = i,_1. The value is inconse-
quential to the proof, so the abuse of notation is meant to speed the lecture along.

Exercise 11.2. Suppose {X,,} is a Markov chain. Define Y;, = (X,,, X;,+1), n > 0. Prove that Y, is
a Markov chain.

Proof. Let S be the state space of {X,,}. Then S x S is the state space of {Y},}. Then consider

PlYni1 = (k) | Vi = (i,0), Y1, ..., Yo] = P[Xns1 =, Xnso =k | Xp =1, X1 = £, Xp_1, - .., Xo]
=P[Xpp1 =, Xnpo =k | Xpn =i, Xnp1 =]

Yni1 = (G, k) | Yo = (i, 0)].

P
P

11.2.2 Transition Probability

Recall Definition 11.13. Namely, for the short duration of the remainder of this course, we will
consider time homogeneous Markov chains. Notice that each index i, j is a member of .S, the state
space of {X,,}, suppose S = {1,2,..., M}. Define an M x M matrix @ = [P;;].

Definition 11.15. A matrix () is called a stochastic matrix if
1. B; >0, Vi,j €S,

2. Z P;; = 1, that is, the row sums of () are all 1.
jes

Additionally, if ..o P;; = 1, then we say @ is doubly stochastic.

Definition 11.16. The nth transition probability from state ¢ to j is
PV = P(X, = j | Xo =),
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Example 11.17. Consider the following transition matrix
1/3 2/3
@= (1?2 1?2) '
(P11 Pio
@= <P21 P22> ’
1/3 1/2

2/3
1/2

Let S = {1,2}. Then

How can we find P(Xo =1 | Xp=1) = Pl(f)? Write Q) = QQ to be the 2-step transition matrix:
2 p©
0 = QO = 1/3 2/3\ (1/3 2/3\ _(4/9 5/9\ [Py Py
- C\/2 1/2)\1/2 1/2) \5/12 7/12) — \p® p@ )"
Proposition 11.18. In general,

Py =3 Pali
kesS

Theorem 11.19 (Chapman-Kolmogorov equation). We have

m—l—n Z P(m .

kesS

(m+n)
P

Lemma 11.20. Let A, B, C be arbitrary events in a sample space 2. Then

P(ANB|C)=P(A| BNC)P(B|C).

Proof. We have

P(ANBNC)P(BNC) PANBNC)
P(BNnC)  PC) pPC)

P(A|BNnC)P(B|C) =
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Proof. We have that
PI = P(Xpin = § | Xo = i)

:P<U{Xm+n:j,Xn:k}|X0:i)

kes
=3 P(Xpyn=j, Xn=k| Xo=1)
kes
= P(Xpin=J | Xn =k Xo=i)P(X, = k| Xo =) (Lemma 11.20)
kes
= Z PXpin=J|Xn=kP(X,=k| Xo=1) (Markov property)
keS
=Y P(Xpm=j|Xo=kP(X,=Fk|Xo=1i)
kesS
S AR,
keS
0
Corollary 11.20.1. If Q is a transition matrix,
Q n+m) Q(m Q n)
Definition 11.21. Write o; = P(X( = 7). Note that
Z o = 1.
ics
Also, agn) = P(X, =j).
Exercise 11.3. Let S = {1,2,..., M}. Find a relationship between «; and agn).
Proof. We have
ag.”) =P(Xp=j)=Y P(Xy=j|Xo=1i)P(Xo=1)
i€s
=>r
€S
Consider now a row vector
o™ (a&"),ag ) g\z))’
and
CK—(O&l,O&Q, ,OKM)
Therefore, we can write
o™ = aQ™
0
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Example 11.22. Let S = {1,2}. Then

@= (1}2 1(/)2> ‘

Suppose P(Xy = 1) = 1, P(Xy =2) = 2. Find P(X3 = 1).

Proof. It turns out

Then a = (a1, ag)

Il
VN
PN
IN[V)
N——
T
)
]
o
o)

Hence af’) =P(X3=1)=2, and a(23) =P(X3=2)=23. O

Definition 11.23. We say that () is regular if there exists ny < oo such that Pi(fo) >0, Vi,j €
S. This means that after ny steps, we can start at any state and travel to another with positive
probability.

Example 11.24. Consider

@= <1(/)2 1}2) @ Gﬁ ;ﬁ) ‘

Q/:<1}2 192); (Q/)nzc S)

That is, Pl(; ) = 0,¥n € Z*+. This means that ' is not regular.

Thus, @ is regular. Consider

We call state 1 an absorbing state.

Definition 11.25. We say @ is irreducible if Vi, j € S, there exists an ny < oo such that Pi(jm) > 0.
All regular Markov chains are irreducible, but the converse is not true.

12 Week 12

12.1 Lecture 20. Mon Nov 18

Example 12.1. Let
/2 1/2 0 0
13 23 0 o
@= 0 0 1/4 3/4
0 0 1/2 1/2
The Markov chain defined by @ is not irreducible.
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Exercise 12.1. Find a Markov chain defined by a transition matrix () that is irreducible and not

regular.
0 1
=1 o)

Solution. Consider

We know Lo
Q*=Q'=...= (0 1)
and 01
Q=Q*=Q=...= <1 O).
But Pl(ln) > (0 < n is even. We say that this Markov chain has period 2, since @) is periodic with
period 2. O

12.1.1 Passage Time

Definition 12.2. The first passage time from state i to state k, i # k, is given by
Tix = min{n > 0| X,, = k, Xog = i}.

The mean first passage time is
M, = E [Tyl .

Definition 12.3. The first recurrence time of i is defined by
T; =min{n > 0| X,, =4, Xo = i}.
The mean recurrence time of i is defined by

= (1 )

Exercise 12.2. Let

Find M2, M.

Proof. We can quickly deduce that

P(T1y = 1) = (;)1 ;

Hence, Ty ~ Geom (2), so E [T},] = 3. For M, use the fact that

> r
nr't = ,
2

for |r| < 1. O
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12.1.2 Stationary Distributions

What is the long run behavior of a Markov chain? Recall that we defined
a1 =P(Xg=1), o;=PXo=1), i€S5,

and a = (ay, ..., ay,) to be the distribution of X,. We know also that

aé-n) = P(X,, =1), o™ = aQ".

Definition 12.4. Let S = (1,2,..., M). We say that 7 = (7, 7o, ..., 7)) iS a stationary distribution
of a Markov chain X with a transition matrix @ if

1. m; >0, Vie S,
3. 7Q = m, that is, 7 is an eigenvector of ) corresponding to A\ = 1.

Suppose then that
™= (P(XOZ 1)7P(X0:2)77P(X0 :M>)7

and 7() = 7. Then

Q% =7Q =,
TQP =mQ =7Q =,

and so forth.

Example 12.5. Find the stationary distributions of the following:
0.8 0.2
@= (0.3 0.7> '
12.2 Lecture 21. Wed Nov 20

Exercise 12.3. Let {X,},{Y,,} be regular independent Markov chains with corresponding transi-
tion matrices P, () respectively. Prove that Z,, = (X,,,Y,,) are regular.

Proof. Since {X,,} is regular, there exists ny > 0 such that Pi(jn‘)) > 0, Vi, j. Also, there exists mg > 0
such that QE;”O) > 0,Vi,j. Let R be the transition matrix of Z. We want to prove that there exists
N such that Rgv) > 0, for all 4, j. By the Markov property,

P(Zois = (625) | Z = (k. 0) = P(Xois = i, Yops = 7 | X = k. ¥ = )
— P(Xpi1 =i | Xy = E)P(Voss = | Vo= )
= PpiQy;.

Similarly, we can show that
P(Zn = (i,§) | Zo = (k,0) = PQUY.
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Then there exists ng, mg € Z* such that P,glo) > 0, Qé?o). We know P,g?o) are elements of P™ > (),

and Q%ﬁo) are elements of Q™0 > 0. Also,
(Pmo)ymo — promo > () (QM0)m0 = Qom0 > (),

Set N = ngmyg. Then

P(Zy = (i,5) | Zo = (k, ) = PV QLY

_ P’g?omo)QgLOmo)
> 0.

12.2.1 Classification of States

Definition 12.6. We say state j is accessible by state i if there exists n € Z™ such that Pi(f) > 0.
(Recall that Pi(jn) = P(X, =j| Xo=1)). We write i — j in this case.

Definition 12.7. We say j communicates with i if i — j and j — i. We write j «— ;.
Theorem 12.8. A Markov chain is irreducible if and only if i <— j for all states i, j.

Definition 12.9. Denote f; = P(X,, = i, forsomen > 1 | xg = i). We call f; the probability that
the Markov chain eventually reenters state 4, given that it starts at i.

Definition 12.10. The state i is recurrent if f; = 1. L.e. the Markov chain enters : infinitely many
times often as the number of steps we take tends towards infinity.

Definition 12.11. If f; < 1, the state i is called a transient state. In other words, the Markov chain
enters state 7 finitely many times. Write

L Xa=i| Xo=i
" 0, X,#i|Xo=i.

The expected number of times state i is visited is

i[n] = iE[In} = iP(Xn —i| Xg=1i) = ipi(i").
n=0 n=0 n=0 n=0

Theorem 12.12. The following hold true:

E

1. state i is regular <=3 7, Pz'(in) = o0,

(n)

2. state i is transient <= Y>> P,/ < oc.

Theorem 12.13. If state i and i communicates with j, (i < j), then j is also recurrent.
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13 Week 13

13.1 Lecture 22. Mon Dec 2
13.1.1 Markov Chain Recurrence Classes

Today marks the end of course material. Continuing what we started before break, let us prove the
previous theorem.

Theorem 13.1. If i is recurrent and i <— j, then j is recurrent.

Proof. The goal is to show that

o0

Sopy =

n=1

Let 7 be recurrent, and ¢ +— j. Then there exists m, k such that

Pigm) > 0, Pj(f) > 0.

Let n > 0. Consider Pj(]’-n”L”J“k). We know that

(m+n+k) (k) p(n) p(m)
P > Byt Bi Py

since the right hand side counts a subset of the paths we can take to attain the left hand side. Now,

00 00
(m+n+k) (n
> P >3 PP
n=1 n=1
) )
_ pk) p(m (n)
~—_——— n—1
>0 ———
diverges, since 17 is recurrent
> Q.

Definition 13.2. We say i, j are in the same class if i +— j.

Corollary 13.2.1. On an irreducible Markov chain, the relation <— is an equivalence relation on the
state space S.

Corollary 13.2.2. Let C, D be two classes of an irreducible Markov chain. Then either C' = D, or
CnNnD=ga.

Exercise 13.1. Determine all of the classes of the Markov chain represented by

1.
05 05 0 O
p_ 03 06 01 O 7
0 0 02 08

0 0 09 01
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0.5 05 0 0
0.5 0.5 0 0

0.25 0.25 0.25 0.25
0 0 0 1

P =

Definition 13.3. We say that a class is closed if

P;j=0, VieCVj¢C.
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