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Preface

The goal of using Finite Elements (FE) discretization is to find or approximate solutions of PDEs.
The FE method works well as it uses a variational formulation, which decreases the need for
regularity for the solutions. We get more flexibility in approximating solutions of PDEs, and we
can deal with complicated domains, singular solutions, and various types of boundary conditions.

The main ingredients of the FEM are approximation spaces, in most cases, we use piecewise
polynomials with respect to a partition or mesh of the domain of the PDE. We need basic functional
analysis and PDE theory for proving existence, uniqueness and approximation properties. Proper-
ties of linear algebra and calculus, and programming implementation skills are useful. Sometimes
we need to use numerical experiments to confirm or discover theory or conjectures.

Model Problem

To understand the basic ideas of the FEM, we will use a model problem which will show the main
ideas and aspects we will encounter along the way. Given the function f : [0, 1] → R, consider the
problem of finding the real function u on the interval [0, 1] such that{

−u′′(x) = f(x), x ∈ (0, 1), and u(0) = u(1) = 0. (*)

This function corresponds to the displacement of an elastic cord u given a force f = f(x). To find
u, we will now use the FEM. Assume that f ∈ L2([0, 1]) ≡ {f |

∫ 1
0 f2 dx < ∞} . We will study the

variational (weak) formulation of this problem. If v is a smooth function such that v(0) = v(1) = 0,
consider multiplying −u′′(x) = f(x) by v, and integrating:

−u′′(x)v(x) = f(x)v(x)∫ 1

0
−u′′(x)v(x) dx =

∫ 1

0
f(x)v(x) dx∫ 1

0
u′(x)v′(x) dx =

∫ 1

0
f(x)v(x) dx. (**)

Before proceeding, we note the following.

1. Our problem formulation (∗) implies the weak formulation (∗∗).

2. In the weak formulation (∗∗), we are only dealing with the first derivatives in u, v, decreasing
the amount of regularity on u at the expense of integration and variational formulation for
any v.

3. If u is smooth, (u′′ exists and is continuous), then (∗∗) implies (∗), which means that we can
recover pointwise information about u′′ from the weak formulation (∗∗).

Our new problem reads: find u such that (∗∗) is satisfied for all v that are smooth, with v(1) =
v(0) = 0. For us to continue, and this reformulation to make sense, we need some more conditions
on v. In other words, what is the right space for v to live in? We define V = {v ∈ C[0, 1] | v(0) =
v(1) = 0, v′ ∈ L2([0, 1])}. In this space, we will work with a special type of derivative, called the
weak derivative, which will be introduced later. For now, assume v′ is the standard derivative,
defined almost everywhere on [0, 1].
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Define a bilinear form

a(u, v) =

∫ 1

0
u′(x)v′(x) dx

on V . Now we claim V is a Hilbert space. The inner product on L2([0, 1]) is

(u, v) =

∫ 1

0
u(x)v(x) dx ∀u, v ∈ L2([0, 1]),

and the corresponding norm is

∥u∥ = ∥u∥L2([0,1]) = (u, u)1/2 =

(∫ 1

0
u(x)2 dx

)1/2

, ∀u ∈ L2(0, 1).

With this new notation, (∗∗) becomes{
Find u ∈ V such that a(u, v) = (f, v),∀v ∈ V.

We will reiterate that this formulation does not include u′′, even though the original problem has
a second derivative.

Discrete Variational Formulation / Approximation

Let us approximate the solution of (∗∗) using the finite elemenet approach. The process is usually
called finite element discretization. The discretization steps are as follows.

1. Divide [0, 1] into N equal parts, where h = 1
N , and xk = hk, k = 0, 1, . . . , N .

2. Define Vh ⊂ V , where Vh = {vh ∈ V | vh is linear on each [xk, xk+1]}. I.e. piecewise linear
continuous functions. We note that vh is uniquely determined by its values at x1, x2, . . . , xN−1

(only the interior nodes) since vh(x0) = vh(xN ) = 0.

3. We introduce {ϕj}N−1
j=1 ∈ Vh such that ϕi(xj) = δij , where δ is the Kronecker delta function.

We claim that {ϕj}N−1
j=1 is a basis for Vh. To this end, let vh ∈ Vh be fixed, and define

αj = vh(xj). Define ṽh(x) =
∑N−1

i=1 αiϕi(x). One can check that

ṽh(xj) =

N−1∑
i=1

αiϕi(xj) = αj = vh(xj).

For linear independence, if
∑N−1

i=1 αiϕi(x) = 0, take x = xj , j = 1, . . . , N − 1, which will
imply that αj = 0, ∀j = 1, . . . , N − 1. Thus, the ϕi’s are linearly independent, and we get
that {ϕj}N−1

j=1 is a basis for Vh.

4. The vector α = (α1, . . . , αN−1)
T is a unique computational representation of the function

uh =
∑N−1

i=1 αiϕi.

With these considerations, we can now formulate the discrete variational formulation of (∗∗), which
reads {

Find uh ∈ Vh such that a(uh, vh) = (f, vh), ∀vh ∈ Vh.

To find uh, we look for the representation uh =
∑N−1

i=1 αiϕi and test with nodal or basis functions.
This leads to a linear system of equations. Using standard linear algebra results, one can prove
that the system has unique solution α = (α1, . . . , αN−1)

T . The two important questions we must
then answer are...
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1. How do we find the algebraic system for finding the vector α = (α1, . . . , αN−1)
T that repre-

sents the solution uh?

2. How close is uh from u? In what norm should we measure the error u− uh?

To answer our first question, we consider uh =
∑N−1

i=1 αiϕi, with each αi to be determined. Take
vh to be ϕj , j = 1, 2, . . . , N − 1. Then

a(uh, vh) = (f, vh)

a

(
N−1∑
i=1

αiϕi, ϕj

)
= (f, ϕj)

=⇒
N−1∑
i=1

αia(ϕi, ϕj) = (f, ϕj)

=⇒ Aα = b, (***)

where

A = (Aij)
N−1
i,j=1, Aij =

∫ 1

0
ϕ′
iϕ

′
j , b = (bj)

N−1
j=1 , bj = (f, ϕj) =

∫ 1

0
f(x)ϕj(x) dx.

We can now solve (***) for our answer. We can state couple of observations now about (***).

1. The matrix A is (N − 1)× (N − 1).

2. If |i− j| > 1, then Aij =
∫ 1
0 ϕ′

iϕ
′
j = 0. This allows us to have a sparse matrix when we solve

for this system (better computation time).

3. One can show that

A =
1

h



2 −1 0
−1 2 −1 0
0 −1 2 −1 0

. . .
. . .

. . .

−1 2 −1
−1 2


,

and see that A is tridiagonal, symmetric, and invertible with a condition number κ(A) =
λmax
λmin

≈ c0
h2 . This condition number can cause problems if h gets very small, so we must be

careful with preconditioning.

For our second question, we first define the energy norm

∥U∥V = a(u, u)1/2 =

(∫ 1

0
(u′)2 dx

)1/2

.

We will now try to estimate ∥u− uh∥V by finding a suitable upper bound. While doing this, it is
essential to note that Vh ⊂ V (i.e. conforming). We will set v = vh to get

a(u, uh) = (f, vh), ∀vh ∈ Vh ⊂ V

and

a(uh, vj) = (f, vh), ∀vh ∈ Vh ⊂ V.
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This implies a(u − uh, vj) = 0, for all vh ∈ Vh. Thus, the error is orthogonal to any vector in Vh.
We call uh the Ritz-Galerkin projection of u onto Vh. Then

∥u− uh∥V = inf
vh∈Vh

∥u− uh∥V ≤ ∥u− vh∥V ,

for any vh ∈ Vh. If we denote Ih(u) as the linear interpolant of u then we know that Ih(u) ∈ Vh.
Thus, we can actually find a bound of the error by finding the bound on the interpolant, which can
be shown to be

∥u− uh∥V ≤ ∥u− Ihu∥ ≤ Ch
∥∥u′′∥∥

L2([0,1])
.

Therefore, if ∥u′′∥L2([0,1]) < ∞, this inequality implies convergence of at least order h.

1 Sobolev Spaces

We begin our formal discussion with Sobolev spaces. Sobolev spaces admit weak differentiation,
which means that functions which are not generally differentiable can still be analyzed.

1.1 Weak Derivatives

Definition 1.1. Let Ω ⊂ Rd, where d = 1, 2, 3, and the multi-index α = (α1, . . . , αd), where
αi ∈ Z≥0. Define |α| = α1 + . . .+ αd. If ϕ : Ω → R is a scalar function, we define

Dαϕ :=
∂|α|ϕ

∂xα1
1 · · · ∂xαd

d

= ∂α1 · · · ∂αdϕ.

Example 1.2. Let d = 2, and let α = (1, 1). Then |α| = 2, and

Dαϕ =
∂2ϕ

∂x1∂x2
.

If α = (2, 0),

Dαϕ =
∂2ϕ

∂x21
.

Definition 1.3. For any continuous function φ on Ω, we define the support of φ by

supp(φ) = {x ∈ Ω | φ(x) ̸= 0}.

Since we’ve taken the closure in Rd, supp(φ) might contain points which are not in Ω.

Definition 1.4. We can define some familiar spaces as follows:

1. C∞(Ω) := {ϕ : Ω → R | Dαϕ exists for any α},

2. D(Ω) = C∞
0 := {ϕ ∈ C∞(Ω) | support(ϕ) ⊂ Ω},

3. L1
loc(Ω) :=

{
f : Ω → R measurable |

∫
K |f | < ∞,∀K ⊂ Ω,K compact

}
.

We now note that if Ω is bounded, then L2(Ω) ⊂ L1(Ω) ⊂ Lloc(Ω). In addition, for any smooth
function f ∈ C∞(Ω), and α = (α1, . . . , αd), using integration by parts, we have that Dαf satisfies∫

Ω
(Dαf)ϕ = (−1)|α|

∫
Ω
f(Dαϕ), ∀ϕ ∈ D(Ω). (1)

5



Definition 1.5. If f ∈ L1
loc(Ω), we say that f has a weak derivative of order α (or α-weak derivative)

if there exists a g ∈ L1
loc(Ω) such that∫

Ω
gϕ = (−1)|α|

∫
Ω
fDαϕ, ∀ϕ ∈ D(Ω). (2)

In this case, we define Dα
wf := g.

Theorem 1.6. If f is smooth, then Dα
wf = Dαf.

The α-weak derivative of f is unique as a function or class g ∈ L1
loc(Ω), and might not be

defined at every point of the domain of the function f . Furthermore, by comparing (1), (2), we
note that viewing the α-weak derivative and the standard α-derivative as (integration type) linear
functionals on D(Ω), the action of the two functionals is the same. Thus, the α-weak derivative is
designed to the same job as the standard derivative, when f is smooth enough, when integrating
against functions in D(Ω). The advantage here is that we can define weak derivatives for a much
larger class of functions that do not have derivatives in the classical sense.

Example 1.7. Let d = 1, Ω = (0, 1). Define

f(x) =

{
x x ∈ (0, 1/2]

1− x x ∈ [1, 2, 1),

and

g(x) =

{
1 x ∈ (0, 1/2)

−1 x ∈ (1/2, 1).

Claim. The weak derivative D1
wf = g(x), and f does not have a weak derivative of second order

(D2
w does not exist).

Proof. We need to find g ∈ L1
loc(Ω)(0, 1) such that∫ 1

0
gϕ dx = (−1)1

∫ 1

0
f(x)ϕ′(x) dx,∀ϕ ∈ D((0, 1)).

We note that since ϕ(0) = ϕ(1) = 0, integrating by parts gives us

−
∫ 1

0
f(x)ϕ(x) dx = −

(∫ 1/2

0
f(x)ϕ′(x) dx+

∫ 1

1/2
f(x)ϕ′(x) dx

)

= −

fϕ

∣∣∣∣∣
1/2

0

−
∫ 1/2

0
f ′(x)ϕ(x) dx+ fϕ

∣∣∣∣∣
1

1/2

−
∫ 1

1/2
f ′(x)ϕ(x) dx


=

∫ 1/2

0
ϕ(x) dx−

∫ 1

1/2
ϕ(x) dx

=

∫ 1

0
g(x)ϕ(x) dx,

where g(x) =

{
1, x ∈ (0, 1/2)

−1, x ∈ (1/2, 1).
. Since g ∈ L1

loc(0, 1), we have that g is our first order weak

derivative of f , or D1
wf = g. Note here that we do not have to specify a value for g at x = 1/2,
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since {1/2} is a set of measure zero, and whatever value we assign to g is going to lead to the same
class of representation of g.

For α = 2, we now search for a function h = D2
wf , where h ∈ L1

loc(0, 1), such that∫ 1

0
hϕ = (−1)2

∫ 1

0
fϕ′′ dx =

∫ 1

0
fϕ′′(x) dx,∀ϕ ∈ D((0, 1)).

First, we note that∫ 1

0
fϕ′′(x) dx =

∫ 1/2

0
fϕ′′(x) dx+

∫ 1

1/2
fϕ′′(x) dx

= −
∫ 1/2

0
f ′ϕ′ dx+ fϕ′

∣∣∣∣∣
1/2

0

−
∫ 1

1/2
f ′ϕ′ dx+ fϕ′

∣∣∣∣∣
1

1/2

= −

(∫ 1/2

0
f ′ϕ′ dx+

∫ 1

1/2
f ′ϕ′ dx

)

=

∫ 1

1/2
ϕ′ dx−

∫ 1/2

0
ϕ′ dx

= ϕ(1)− ϕ(1/2)− ϕ(1/2) + ϕ(0)

= −2ϕ(1/2).

Is it possible then to find h ∈ L1
loc(0, 1) such that∫ 1

0
hϕ dx = −2ϕ(1/2), ∀ϕ ∈ C∞

0 ((0, 1))? (3)

The answer is no, and we will prove this by contradiction. Assume that (3) holds true. In particular,
choose in (3), the functions ϕn ∈ C∞

0 ((0, 1)) such that |ϕn(x)| ≤ 1, ϕn(1/2) = 1 and ϕn(x) = 0, for
|x− 1/2| ≥ 1/n, for n ≥ 3. These functions can be thought of as tighter and tighter bell curves
that always have their apex at x = 1/2. This implies that

|hϕn| ≤ |h|χ[ 1
2
− 1

3
, 1
2
+ 1

3
], for n ≥ 3,

where χA is the characteristic function of the set A. Since h ∈ L1
loc((0, 1)) and hϕn → 0 almost

everywhere, by the Lebesgue dominated convergence theorem, we have that∫ 1

0
hϕn →

∫ 1

0
0 = 0.

But we would also have
∫ 1
0 hϕn = −2, a contradiction. Thus, f does not admit a second weak

derivative.

The following results can be derived using the standard multivariable integration by parts
formula.

Theorem 1.8. If f ∈ C |α|(Ω), then f admits α-weak derivatives, and Dα
wf = Dαf .

The next result shows that if a function is globally continuous and C1 smooth on subdomains,
then the function admits first order weak derivatives.
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Theorem 1.9. If Ω ⊂ Rd and Ω = Ω1 ∪ Ω2, with Ω1 ∩ Ω2 = ∅ and u ∈ C(Ω), with u|Ωj ∈ C1(Ωj),
for j = 1, 2, then u has weak derivatives of first order on Ω, and for i = 1, 2,

∂wu

∂xi

∣∣∣
Ωj

=
∂u

∂xi
, on Ωj , j = 1, 2. (4)

This result extends easily to any finite number of subdomains.

Proof. Let Γ := Ω1 ∩ Ω2, and let n = (n1, n2) be the outer (to Ω1) normal unit vector on Γ. To
prove (4) for i = 1, it would be enough to show that∫

Ω1

∂u

∂x1
ϕ+

∫
Ω2

∂u

∂x1
ϕ = −

∫
Ω
u
∂ϕ

∂x1
, ∀ϕ ∈ D(Ω). (5)

Using that supp(ϕ) is compact and contained in Ω, we have that ϕ = 0 on ∂Ωj \ Γ. Thus, using
the integration by parts formula on each Ωj we have∫

Ω
u
∂ϕ

∂x1
=

∫
Ω1

u
∂ϕ

∂x1
+

∫
Ω2

u
∂ϕ

∂x1

= −
(∫

Ω1

∂u

∂x1
ϕ+

∫
Ω2

∂u

∂x1
ϕ

)
+

∫
Γ
uϕn1 +

∫
Γ
uϕ(−n1),

which gives (5).

The next result extends a known result about characterization of constant functions using the
classic gradient to the case when we use the weak gradient. For more results on weak derivative
calculus, we refer to Bartels’ book, Numerical Approximation of Partial Differential Equations,
page 85.

Theorem 1.10. If Ω ⊂ Rd is connected and ∇wu = 0, then u is constant on Ω.

1.2 Lp Spaces

Definition 1.11. For 1 ≤ p ≤ ∞, and Ω ⊂ Rd is open, the Lp space is defined as

Lp(Ω) =

{
f ∈ L1

loc(Ω) |
∫
Ω
|f |p < ∞

}
,

defined with norm

∥f∥Lp(Ω) := ∥f∥0,p,Ω =

(∫
Ω
|f |p

) 1
p

, 1 ≤ p < ∞.

If p = ∞, then
L∞(Ω) := {f : Ω → R measurable | ∥f∥L∞(Ω) < ∞},

where
∥f∥L∞(Ω) ess supx∈Ω |f(x)| = inf

µ(S)=0
sup

x∈Ω\S
|f(x)| .

Theorem 1.12. Lp(Ω) is a Banach space. When p = 2, L2(Ω) is a Hilbert space, with

⟨u, v⟩L2(Ω) =

∫
Ω
uv dx.
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Theorem 1.13 (Hölder’s inequality). Suppose 1 ≤ p, q ≤ ∞, and 1
p + 1

q = 1, then if f ∈ Lp(Ω),

and g ∈ Lq(Ω), then fg ∈ L1(Ω), and

∥fg∥L1(Ω ≤ ∥f∥Lp(Ω) ∥g∥Lp(Ω) .

The following will be on our homework.

Theorem 1.14. If 1 ≤ p1 < p2 < ∞, and Ω bounded, then

Lp2(Ω) ⊂ Lp1(Ω).

Definition 1.15 (Sobolev spaces). For a bounded open domain Ω, define

Wm
p (Ω) := {u ∈ Lp(Ω) | Dα

wu ∈ Lp(Ω),∀|α| ≤ m},

with norm
∥u∥pWm

p (Ω) = ∥u∥pm,p,Ω =
∑

|α|≤m

∥Dα
wu∥

p
Lp(Ω) .

The seminorm on Wm
k (Ω) is

|u|pk,p,Ω =
∑

|α|=m

∥Dα
wu∥

p
Lp(Ω) .

When p = ∞, the Sobolev space Wm
∞(Ω) has norm

∥u∥Wm
∞(Ω) = max

|α|≤k
sup
Ω

|∂αf | .

We write Hm(Ω) := Wm
2 (Ω).

Here are some examples.

Example 1.16. For d = 2 (as in Rd), p = 2, m = 1,

H1(Ω) = W 2
1 (Ω) = {u ∈ L2(Ω) | D(1,0)

w u,D(0,1)
w u ∈ L2(Ω)}

=

{
u ∈ L2(Ω)

∣∣∣ (∂wu

∂x1

)
,

(
∂wu

∂x2

)
∈ L2(Ω)

}
=

{
u ∈ L2(Ω)

∣∣∣ ∫
Ω
u2 < ∞ and

∫
Ω
|∇wu|2 < ∞

}
,

where |∇wu|2 =
(
∂wu
∂x1

)2
+
(
∂wu
∂x2

)2
.

Example 1.17. Let d = 2, p = 2. Then we have the following:

|u|2H2(Ω) = |u|2W 2
2 (Ω) =

∫
Ω

∣∣∣∣∂2u

∂x2

∣∣∣∣2 + ∫
Ω

∣∣∣∣∂2u

∂2y

∣∣∣∣2 + ∣∣∣∣ ∂2u

∂x∂y

∣∣∣∣2 ,
|u|2H1(Ω) =

∫
Ω

∣∣∣∣∂2u

∂x2

∣∣∣∣2 + ∫
Ω

∣∣∣∣∂2u

∂y2

∣∣∣∣2 ,
∥u∥H1(Ω) =

(∫
Ω
|u|2 +

∫
Ω

∣∣∣∣∂u∂x
∣∣∣∣2 + ∣∣∣∣∂u∂y

∣∣∣∣2
)1/2

,

∥u∥H1(Ω) =

(∫
Ω
|∇u|2 dx

)1/2

.
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Theorem 1.18. When p = 2, we have Hm(Ω) = Wm
2 (Ω) is a Hilbert space, with norm induced by

the inner product

(u, v)Hm(Ω) =
∑

|α|≤m

(Dα
wu,D

α
wv).

Theorem 1.19. The space Wm
p (Ω) is Banach.

Theorem 1.20. The space C∞(Ω) ∩Wm
p (Ω) is dense in Wm

p (Ω), which means that one can ap-

proximate any function in Wm
p (Ω) with smooth functions in C∞(Ω), where we note that C∞(Ω) ⊂

C∞(Ω).

Definition 1.21. A domain Ω ⊂ Rd is Lipschitz, or has Lipschitz boundary if the domain’s
boundary is sufficiently regular in the sense that locally it is the graph of a Lipschitz continuous
function.

Theorem 1.22. If Ω is a Lipschitz domain, then C∞(Ω) is dense in Wm
p (Ω).

1.3 Sobolev Embeddings and Inequalities

Let Ω ⊂ Rd be a Lipschitz domain, and k a positive integer, and 1 ≤ p < ∞.

Theorem 1.23. If either one of these two cases hold:

1. k ≥ d, and p = 1, or

2. k > d
p , and p > 1,

then W k
p (Ω) ⊂ L∞(Ω).

This is equivalent to saying

∥u∥L∞(Ω) ≤ C ∥u∥Wk
p (Ω) , ∀u ∈ W k

p (Ω).

Moreover, for any u ∈ W k
p (Ω), there exists a function v ∈ C(Ω) such that u = v a.e. So under

the assumptions of Theorem 1.23, W k
p (Ω) can be viewed as a subspace of C(Ω), and functions in

W k
p (Ω) are bounded and have point values.

Example 1.24. For d = 1, and p = 2, we would need k > 1
2 to have Hk(Ω) ⊂ C(Ω), so H1(Ω) ⊂

C(Ω).

Example 1.25. For d = 2, p = 2, we have that k > 1. This means that H1(Ω) ̸⊂ L∞(Ω).

Example 1.26. For d = 3, and p = 2, we need k > 3
2 , which implies that H2(Ω) ⊂ C(Ω) ⊂ L∞(Ω).

The following is on homework 1.

Example 1.27. Let Ω = {x ∈ R2 | |x| < 1
2} = B(0, 1/2). Define u(r, θ) = log log 1

r . Then we can
show that u ∈ H1(Ω), but u /∈ C0(Ω). The latter statement is clear because as r → 0, then u → ∞.
Fir the first statement, we would need to prove that

∫
Ω u2 < ∞, and

∫
Ω u2x + u2y < ∞. If we recall

that u2x + u2y = u2r , we can then show that
∫
Ω u2r < ∞, and thus, u ∈ H1(Ω).
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1.4 Trace Spaces

Assume that Ω ⊂ Rd is a Lipschitz domain, and assume that C(Ω) is dense inH1(Ω). For u ∈ C(Ω),
define the trace γu := u|∂Ω = u(x) for all x ∈ ∂Ω. If ∂Ω is not defined for u on some function,
then we can use the trace to define the function on the boundary in the following way. For any
nice domain, we can show that∫

∂Ω
u2 < C

∫
Ω
u2
(∫

Ω
u2 +

∫
Ω
|∇u|2

)
, ∀u ∈ C(Ω), (*)

which is a way to bound the integral around the boundary by integrals that are inside the domain.
Since C(Ω) is dense in H1(Ω), then (*) implies that u ∈ L2(∂Ω) and

∥u∥L2(∂Ω) ≤
√
C ∥u∥L2(Ω) ∥u∥H1(Ω) . (**)

Now for any u ∈ H1(Ω) take (uj) ⊂ C1(Ω) such that uj → u inH1(Ω). Define u|∂Ω = limj→∞ uj |∂Ω.
Then we can prove that u is well defined and u ∈ L2(∂Ω) satisfies (**). Thus we can define u on
the boundary even if the function initially is not well defined there. A more general version of the
trace inequality is as follows

Theorem 1.28. Assume Ω ⊂ Rd is Lipschitz and 1 ≤ p < ∞. Then for any v ∈ W 1
p (Ω), γv = v|∂Ω

is well defined, γv ∈ Lp(∂Ω), and there exists C > 0 such that

∥v∥pLp(∂Ω) ≤ C ∥v∥1−1/p
Lp(Ω) ∥v∥

1/p
W 1

p (Ω)
,

for all v ∈ W 1
p (Ω).

Note that for p = 2, we obtain (**).

Definition 1.29. Define Hm
0 (Ω) to be the completion of C∞

0 (Ω) in (Hm(Ω), ∥·∥Hm(Ω)). One can
show

H1
0 (Ω) := {u ∈ H1(Ω) | γu = 0 in L2(Ω)},

and
H2

0 (Ω) := {u ∈ H1(Ω) | γu = 0 and ∇u · n|∂Ω = 0 in L2(Ω)}.

We note that H1
0 (Ω) ⊂ H1(Ω) (it is a closed subspace) and that H1

0 (Ω) takes the norm and inner
product from H1(Ω).

Theorem 1.30. Suppose that Ω ⊂ Rd is bounded and is a nice domain. Then there exists a
constant C = C(Ω) such that∫

Ω
u2 dx < C2

∫
Ω
|∇u|2 dx, or ∥u∥L2(Ω) < C |u|H1(Ω) .

Proof. We first assume that u ∈ C1
0 (D). Since D is bounded, it can be enclosed in a square

Γ := {|xi| ≤ a, i = 1, 2}. We continue by assuming u to be identically 0 outside of D. Then for any
(x1, x2) ∈ Γ, by Cauchy-Schwarz, we get

|u(x)|2 =
∣∣∣∣∫ x1

−a
ux1(ξ, x2) dξ1

∣∣∣∣2 ≤ (x1 + a)

∫ x1

−a
|ux1 |

2 dξ ≤ 2a

∫ x1

−a
|ux1 |

2 dξ.
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Therefore, ∫ a

−a
|u(x)|2 dx1 ≤ 4a2

∫ a

−a
|ux1 |

2 dξ.

Now integrating with respect to x2 from −a to a, we get∫∫
D
|u(x)|2 dx ≤ 4a2

∫∫
D
|ux1 |

2 dx ≤ 4a2
∫∫

D
|∇u|2 dx.

The theorem now follows from the fact that C1
0 (D) is dense in H1

0 (D).

We note some consequences of the previous theorem.

1. Note that ∥u∥2H1(Ω) = ∥u∥2L2(Ω)+∥∇u∥2L2(Ω). Then ∥·∥H1(Ω) and |·|H1(Ω) are equivalent H
1
0 (Ω).

To see this, we have for all u ∈ H1
0 (Ω),

|u|2H1(Ω) ≤ ∥u∥2H1(Ω) = ∥u∥2L2(Ω) + ∥∇∥2L2(Ω)

P.I.
≤ (1 + C) ∥u∥2L2(Ω) ≤ (1 + C) |∇u|2H1(Ω) .

2. Any function f ∈ L2(Ω) can be viewed as a continuous bounded functional on H1
0 (Ω). More

precisely, let u ∈ L2(Ω). Then define Gu : H1
0 (Ω) → R by

Gu(v) =

∫
Ω
u(x)v(x) dx, ∀v ∈ H1

0 (Ω).

To show that this is continuous, we show that it is bounded (this is clearly linear). To this
end, for all v ∈ H1

0 (Ω),

|Gu(v)| =
∣∣∣∣∫

Ω
u(x)v(x) dx

∣∣∣∣
≤ ∥u∥L2(Ω) ∥v∥L2(Ω)

≤ C(Ω) ∥u∥L2(Ω) ∥∇v∥L2(Ω)

≤ C(Ω) ∥v∥H1(Ω) .

Therefore, Gu ∈ (H1
0 (Ω))

∗ be definition in H1(Ω). Therefore,

H1
0 (Ω) ⊂ L2(Ω) ⊂ H1(Ω).

1.5 Calculus in Sobolev Spaces

Assume that Ω ⊂ Rd is a bounded Lipschitz domain. We define the unit normal vector n on ∂Ω
(assume it is well defined almost everywhere). If u is smooth, then ∂u

∂n = ∇u · n =
∑ ∂u

∂xi
ni, where

n = (n1, . . . , nd), and ∥n∥ = 1. If u, v ∈ C1(Ω), then we have the integration by parts formula:∫
Ω
u
∂v

∂xi
dx = −

∫
Ω

∂u

∂xi
v dx+

∫
Γ
(uv)ni ds,

where Γ = ∂Ω. The formula can then extend to functions in H1(Ω). Even though there are
problems at the boundaries here, we can use the trace to define u, v there so that the last part of
the equation above becomes ∫

Γ
(uv)ni dx =⇒

∫
Γ
γ(uv)ni,
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where γ(uv) is the trace of uv on Γ.
Next, if v = (v1, . . . , vd), where vi ∈ C1(Ω), then we define the divergence of v to be

div v =
∂v1
∂x1

+ . . .+
∂vd
∂xd

.

If vi ∈ H1(Ω), then we think about ∂vi
∂xi

in the weak sense, i.e. ∂wvi
xi

. If ϕ ∈ C1(Ω), then we define

the gradient as

∇ϕ =

(
∂ϕ

∂x1
, . . . ,

∂ϕ

∂xd

)
.

We now introduce the Green’s formulas. Assume that v ∈ (C1(Ω))d, ϕ ∈ C1(Ω). Then as a
consequence of the integration by parts formula, we have the 1st Green’s formula:∫

Ω
v · ∇ϕdx+

∫
Ω
div vϕ dx =

∫
∂Ω

(ϕv) · nds.

We note here that when ϕ = 1, we obtain the Divergence theorem,∫
Ω
div v dx =

∫
∂Ω

v · nds.

This holds for all v ∈ (H1(Ω))d and ϕ ∈ H1(Ω).
If u, v ∈ C2(Ω), then we obtain Green’s 2nd formula, by replacing v = ∇u, and ϕ = v:∫

Ω
∇u · ∇u dx+

∫
Ω
∆u · v dx =

∫
∂Ω

∂u

∂n
v ds.

We can rewrite Green’s 2nd formula using L2 inner product notation:

(∇u,∇v) + (∆u, v) =

〈
∂u

∂n
, v

〉
∂Ω

,

where ⟨·, ·⟩ notation is in general used to denote the integration on the boundary of the domain
when the functions to be integrated are smooth enough. Green’s 2nd formula can be extended to
functions u, v ∈ H1(Ω) such that ∆u ∈ L2(Ω). In order to make sense of the RHS of Green’s 2nd
formula, we first note that for any v ∈ H1(Ω), we have γ(v) = v|∂Ω belongs to a closed subspace of
L2(∂Ω), which is defined by

H1/2(∂Ω) := {γ(v) = v|∂Ω | v ∈ H1(Ω) ⊂ L2(∂Ω)},

with the norm
∥v∥H1/2(∂Ω) := inf{∥w∥H1(Ω) | w ∈ H1(Ω), γ(w) = v}.

Next, for a fixed u ∈ H1(Ω) with ∆u ∈ L2(Ω), we can view ∂u
∂n as a bounded functional on H1/2(Ω).

Indeed, for any v ∈ H1/2(Γ), let w ∈ H1(Ω) be such that γ(w) = v. Define

Gu(v) := (∇u,∇w) + (∆u,w), ∀v ∈ H1/2(Γ),

where Γ := ∂Ω. One can show that Gu(·) is well defined, linear, and

|Gu(v)| ≤ c(u) ∥v∥H1/2(Ω) , ∀v ∈ H1/2(Γ),

where c(u) = (∥∇u∥2 + ∥∆u∥2)1/2. Thus, Gu(v), which agrees with
∫
Γ

∂u
∂n v ds for u, v smooth,

belongs to (H1/2(Γ))∗, which by definition or tradition is denoted by H−1/2(Γ). Consequently, in
this case,

〈
∂u
∂n , v

〉
∂Ω

is the duality between H−1/2(Γ), and H1/2(Γ), where ∂u
∂n is the functional Gu(·)

acting on v ∈ H1/2(Γ).
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2 Variational Methods on Elliptic Problems

2.1 Lax-Milgram Lemma

We will present the most important lemmas in the study of finite elements.

Lemma 2.1 (Lax-Milgram). Assume that a(·, ·) is a bilinear form on a separable Hilbert space,

(H, ∥·∥), where ∥·∥ = ⟨·, ·⟩1/2, that is continuous and coercive:

(C1). ∃M > 0, such that |a(u, v)| ≤ M ∥u∥ ∥v∥, for all u, v ∈ H,

(C2). ∃m > 0 such that a(u, u) ≥ m ∥u∥2, for all u ∈ H.

Assume further that F : H → R is a bounded linear functional on H such that there exists C > 0
such that |F (v)| ≤ c ∥v∥, for all v ∈ H. Then the problem{

Find u ∈ H, a(u, v) = F (v),∀v ∈ H

has a unique solution, and the solution has the property

1

M
∥F∥H∗ ≤ ∥u∥ ≤ 1

m
∥F∥H∗ , (*)

where ∥F∥H∗ = supv ̸=0
F (v)
∥v∥ .

Proof. We only prove (*) holds. Assume that a(u, v) = F (v). Then

∥F∥H∗ = sup
v ̸=0

F (v)

∥v∥
= sup

v ̸=0

a(u, v)

∥v∥
≤ sup

v ̸=0

M ∥u∥ ∥v∥
∥v∥

= M ∥u∥ ,

and

∥F∥H∗ = sup
v ̸=0

F (v)

∥v∥
≥ a(u, u)

∥u∥
≥ m ∥u∥2

∥u∥
= m ∥u∥ ,

by continuity and coercivity.

Example 2.2. Consider the following problem. Find u such that
−∆u = f, in Ω,

u = 0 on ∂Ω,

f ∈ L2(Ω).

Show that this problem has a unique solution.

Proof. First, taking v ∈ H1
0 (Ω), and multiplying it by our equations above, and integrating over Ω,

we have for all v ∈ H1
0 (Ω), ∫

Ω
−∆u · v =

∫
Ω
fv∫

Ω
∇u · ∇v −

∫
∂Ω

∂u

∂n
v ds =

∫
Ω
fv

(∇u,∇v) = (f, v), ∀v ∈ H1
0 (Ω),
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where we applied Green’s identities, and noted that v = 0 on ∂Ω. We now define H = H1
0 (Ω),

F (v) =
∫
Ω fv ∈ (H1

0 (Ω))
∗ = H∗, and a(u, v) = (∇u,∇v). We need to check that a is coercive and

continuous. For continuity, we use the Cauchy-Schwarz inequality (twice), and for simplicity we
assume that we are in 2D, yielding

|a(u, v)| = |(∇u,∇v)|

=

∫
Ω

∂u

∂x1

∂v

∂x1
+

∂u

∂x2

∂v

∂x2
dx

≤

(∫
Ω

(
∂u

∂x1

)2
)1/2(∫

Ω

(
∂v

∂x1

)2
)1/2

+

(∫
Ω

(
∂u

∂x2

)2
)1/2(∫

Ω

(
∂v

∂x2

)2
)1/2

≤

√∫
Ω

(
∂u

∂x1

)2

+

(
∂u

∂x2

)2
√∫

Ω

(
∂v

∂x1

)2

+

(
∂v

∂x2

)2

= ∥∇u∥ ∥∇v∥ ≤ ∥u∥H1(Ω) ∥v∥H1(Ω) .

Therefore, we have continuity. For coercivity, we can see the following:

a(u, v) = ∥∇u∥2L2(Ω) ≥ C(Ω) ∥u∥2L2(Ω) ,

2 ∥∇u∥2L2(Ω) ≥ C(Ω) ∥u∥2L2(Ω) + ∥∇u∥2L2(Ω) ,

therefore

a(u, v) ≥ 1

2
min{C(Ω), 1}

(
∥u∥2L2(Ω) + ∥∇u∥2L2(Ω)

)
=

1

2
min{C(Ω), 1} ∥u∥2H1(Ω) .

Therefore we have coercivity.

2.2 Ritz-Galerkin Method

Assume that the hypothesis of the Lax-Milgram theorem, with V as a Hilbert space holds. That is

1. a : V × V → R, a bilinear form with coercivity and continuity,

2. F : V → R is a bounded linear functional,

3. Vh ⊂ V is a finite dimensional subspace.

Then Lax-Milgram tells us that the problem{
Find u ∈ V such that a(u, v) = F (v), ∀v ∈ V, (*)

has a unique solution. We would like the discrete variational formulation of this problem, which is
the following: {

Find uh ∈ Vh such that a(uh, vh) = F (vh), ∀vh ∈ V. (**)

We can apply Lax-Milgram on Vh since it satisfies all the conditions on Vh ⊂ V , and thus we have
a unique solution to (*). We call uh the Ritz-Galerkin approximation of u. We now have to answer
two questions. Firstly, how do we compute uh? Secondly, how close is uh to u? To answer the first
question, the basic idea is to use bases, since we are in a finite dimensional space Vh. We can then
try writing

uh =
n∑

i=1

αiϕi,

15



where {ϕ1, . . . , ϕn} is a basis for Vh, and αi ∈ R. Plugging this representation into our discrete
variational formulation (**) will lead us to an N ×N linear system in (α1, . . . , αn). For the second
question, the proximity of uh to u can be computed by Cea’s theorem.

Theorem 2.3 (Cea’s theorem). Assume a : V × V → R and F ∈ V ∗ satisfying the Lax-Milgram
assumptions and hypotheses. Also assume that Vh ⊂ V is a subspace. If u is the solution of (*),
and uh is the solution of (**), then

∥u− uh∥V ≤ M

m
inf

vh∈Vh

∥u− vh∥ .

Proof. Using the coercivity of a, we have that

m ∥u− uh∥2 ≤ a(u− uh, u− uh).

Since u is the solution of (*), we get that a(u, vh) = F (vh), for all vh ∈ Vh, and from (**), we get
that a(uh, vh) = F (vh), for all vh ∈ Vh. By subtracting these two equations, we get that

a(u− uh, vh) = 0, ∀vh ∈ Vh. (***)

Now consider

m ∥u− uh∥2 ≤ a(u− uh, u− uh)

= a(u− uh, u− vh + vh − uh)

= a(u− uh, u− vh) + a(u− uh, vh − uh)︸ ︷︷ ︸
=0

= a(u− uh, u− vh)

≤ M ∥u− uh∥ ∥u− vh∥ .

Dividing both sides by ∥u− uh∥m, we get

∥u− uh∥ ≤ M

m
∥u− vh∥ , ∀vh ∈ Vh =⇒ ∥u− uh∥ ≤ M

m
inf

vh∈Vh

∥u− vh∥ .

Before moving on, consider (***). If a is a symmetric bilinear form, a is then an inner product,
which due to coercivity and boundedness, produces and equivalent norm on V . Using (***), we
can conclude that uh is the projection of u onto Vh, with respect to a(·, ·). In this case, uh is the
Galerkin projection.

3 Finite Element Spaces

Definition 3.1. A subdivision of a bounded domain Ω ⊂ Rd is a finite collection of open sets {Ti}
such that

1. Ti ∩ Tj = ∅, for all i ̸= j,

2.
⋃

i Ti = Ω,

3. IntTi ̸= ∅.
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Definition 3.2. A triangulation Th of Ω, where Ω is a polynomial domain in R2 or a polyhedral
domain in R3 (i.e. ∂Ω is a union of polyhedral faces) is a subdivision of Ω consisting of “triangles”
(element domains) with the property that no vertex of any triangle lies in the interior of an edge
or a face of another triangle.

Triangles are not actually triangles. But they can be. Given a triangulation Th of Ω, a finite
element space associated with Th is a piecewise polynomial space with respect to Th with specific
finite element conditions.

Definition 3.3. If T ∈ Th, the triplet (T, PT ,NT ) is a finite element if

1. PT is a finite dimensional space of polynomials on T ,

2. NT = {N1, . . . ,Nk} is a set of linear functionals of PT that are unisolvent on PT i.e. if u ∈ PT

and Ni(u) = γi, for i = 1, 2, . . . , k, then u ∈ PT satisfying Ni(u) = γi is unique. In other
words, NT is a basis on the dual of PT .

In this case, N1, . . . , Nk, where k = dimPT are called degrees of freedom of T .

Example 3.4. Let T = (0, 1), PT = {ax2+bx+c | a, b, c ∈ R}. We see that dim(PT ) = 3, therefore
we will need NT = {N1,N2,N3}. Take for instance

N1(u) = u(0),N2(u) = u(1/2),N3(u) = u(1), u ∈ PT .

These are all bounded linear functionals. If u = ax2 + bx + c, we can now check unisolvence by
considering

N1(δ1) = δ1 =⇒ c = δ1

N2(δ2) = δ2 =⇒
a

4
+

b

2
+ c = δ2

N3(δ3) = δ3 =⇒ a+ b+ c = δ3.

This can be solved via a matrix representation:

A =

 0 0 1
1/4 1/2 1
1 1 1

 =⇒ detA ̸= 0.

We see our system has a unique solution, therefore, NT is unisolvent. Note that the set of degrees
of freedom is not unique for a fixed PT . For example, we can take N̂T = {N1, N̂2,N3}, where
N̂2 =

∫ 1
0 u(x) dx. We can show again that this is a set of degrees of freedom.

Definition 3.5. Assume we have a finite element (T, PT ,NT ). A basis {ϕ1, . . . , ϕk} for PT is called
a dual to NT (or nodal basis, or shape functions) if

Ni(ϕj) = δij =

{
1, i = j

0, i ̸= j.

One advantage of finding a nodal basis is that any u ∈ PT can be written

u =
k∑

i=1

Ni(u)ϕi,
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since if

v =
k∑

i=1

Ni(u)ϕi,

then

Nj(v) =
k∑

i=1

Ni(u)Nj(ϕi) = Nj(u),∀j = 1, 2, . . . , k.

Therefore v = u since NT is unisolvent.

Example 3.6. As a continuation of Example 3.4, take NT = {N1,N2,N3}. We now look for ϕ1

such that N1(ϕ1) = 1, N2(ϕ1) = 0, N3(ϕ1) = 0. Conducting this process, we can find ϕ1(x) =
2(x − 1/2)(x − 1). Similarly, we can find ϕ2 = (4/3)(1 − x)(1 + x), and ϕ3(x) = 2x(x − 1/2).
Therefore {ϕ1, ϕ2, ϕ3} is a nodal basis.

3.1 Global Degrees of Freedom and Global Nodal Functions

Definition 3.7. Assume Th =
⋃

i Ti is a triangulation of Ω, where T = Ti corresponds to
(T, PT ,NT ), where NT = {N1, . . . ,Nk} and PT = span{ϕ1, . . . , ϕk} is a nodal basis, i.e. Ni(ϕj) =
δij . We will define the global DoF and global nodal basis with the following conditions.

1. If a local DoF is asociated with a vertex or edge that is shared by 2 or more triangles, then
this leads to only one DoF.

2. A global nodal function for a node or an edge is obtained by “combining” the local nodal
functions that are adjacent to the node or edge. Extend the functions by 0 on the rest of the
triangle.

3. For a local DoF associated with evaluation or integration at interior (to Ti) nodes (or nodes
adjacent to only one triangle), we declare it a global DoF and the corresponding nodal function
is just the extension by 0 of the local nodal function.

4. We use a global counting of the DoF and the nodal functions based on conditions 1-3.

Example 3.8. How do we use these conditions? Let Ω = (0, 2) = (0, 1)∪(1, 2). First, let T = (0, 1),
and then consider DoF evaluation at 0, 1/2, and 1. Then we can find that the nodal functions are

ϕ1 = 2

(
x− 1

2

)
(x− 1) , ϕ2 = 4x(1− x), ϕ3 = 2x

(
x− 1

2

)
.

Now, for T = (1, 2), we will use DoF evaluation at 1, 3/2, 2, and our nodal basis is

ϕ3 = 2

(
x− 3

2

)
(x− 2), ϕ4 = 4(2− x)(x− 1), ϕ5 = 2

(
x− 3

2

)
(x− 1).

To find our global DoF, we now define u : (0, 2) → R, and define the five linear functionals

N1(u) = u(0),N2(u) = u(1/2),N3(u) = u(1),N4(u) = u(3/2),N5(u) = u(2).

Then using these functionals, we can then define our global functions by extending the local bases
to 0 in the triangles that are not using the local nodal basis. As well, note the overlap of the vertex
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at x = 1:

ϕ1(x) =

{
2
(
x− 1

2

)
(x− 1) , x ∈ (0, 1)

0, x ∈ (1, 2),

ϕ2(x) =

{
4x(1− x), x ∈ (0, 1)

0, x ∈ (1, 2),

ϕ3(x) =

{
2x(x− 1

2), x ∈ (0, 1)

2(x− 3
2)(x− 2), x ∈ (1, 2),

ϕ4(x) =

{
0, x ∈ (0, 1)

4(2− x)(x− 1), x ∈ (1, 2),

ϕ5(x) =

{
0, x ∈ (0, 1)

2(x− 3
2)(x− 1), x ∈ (1, 2).

Note that by constructing these global nodal functions, we still have that Ni(ϕj) = δij , for all
i, j = 1, . . . , 5 and each of these is locally supported, which allows for better implementation. If
we had taken Th = (0, 1) ∪ (1, 2), with Ω = (0, 2), and defined Vh = span(ϕ1, . . . , ϕ5) ⊂ H1((0, 2)),
then we can also define Vh = {v ∈ H1((0, 2)) | v|T ∈ P 2 for any T}1.

3.2 Linear Elements in 2D, 3D

Definition 3.9. Let Ω ⊂ R2 be a polygonal domain, and Th a triangulation of Ω, with Th =
⋃

i Ti.
Then (T = Ti, PT ,NT ), the linear element is defined as follows:

T = [z1, z2, z3], PT = {ax+ by + c | a, b, c ∈ R} = P 1 = span(1, x, y),NT = {N1,N2,N3},

where Ni(v) = v(zi), for i = 1, 2, 3.

Note that N needs to be unisolvent for this to make sense, so to check this, we need to show that
Ni(v) = 0 for all i for some v ∈ PT implies that v = 0. To this end, assume that zi = (xi, yi), i =
1, 2, 3. This means that if v = ax+ by + c, we have

ax1 + by1 + c = 0

ax2 + by2 + c = 0

ax3 + by3 + c = 0

=⇒

x1 y1 1
x2 y2 1
x3 y3 1


︸ ︷︷ ︸

A

ab
c

 =

00
0



We can see that |A| = (z2− z1)× (z3− z2) = 2×Area(T ) := 2 |T | ≠ 0. Therefore this is unique and
thus v = 0. Therefore NT is unisolvent. To find a dual nodal basis, we need to investigate affine or
barycentric coordinates. Let T = [a1, a2, a3] ⊂ R2, (or T = [a1, a2, a3, a4] ⊂ R3). In the 2D case,
define

T =

x =

n∑
j=1

λjaj | 0 ≤ λj ≤ 1,

3∑
j=1

λj = 1

 .

1We note this is a bad way to define it if the ϕ’s are not known, so proceed with caution here.
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Figure 1: Barycentric coordinates.

We call (λ1, λ2, λ3) the barycentric coordinates of x = [x, y]T . They are unique if we assume that
λ1+λ2+λ3 = 1. In fact we can show that for all x ∈ T , there exists a unique (λ1, λ2, λ3) such that
x can be represented by the barycentric coordinates. However, how can we find these (λ1, λ2, λ3)
as functions of x = [x, y]T ? If we assume that ai = [xi, yi]

T , for i = 1, 2, 3, we know that

λ1 + λ2 + λ3 = 1

λ1

[
x1
y1

]
+ λ2

[
x2
y2

]
+ λ3

[
x3
y3

]
=

[
x
y

]
=⇒

 1 1 1
x1 x2 x3
y1 y2 y3


︸ ︷︷ ︸

A

λ1

λ2

λ3

 =

1x
y

 .

We can see that detA = 2 |T | ≠ 0. Therefore we have unique coordinates for each x. By Cramer’s
rule, we can see that the solution to the problem is

λ1 =

∣∣∣∣∣∣
1 1 1
x x2 x3
y y2 y3

∣∣∣∣∣∣∣∣∣∣∣∣
1 1 1
x1 x2 x3
y1 y2 y3

∣∣∣∣∣∣
=

Area(T1)

Area(T )
=

|T1|
|T |

, λ2 =

∣∣∣∣∣∣
1 1 1
x1 x x3
y1 y y3

∣∣∣∣∣∣∣∣∣∣∣∣
1 1 1
x1 x2 x3
y1 y2 y3

∣∣∣∣∣∣
=

Area(T2)

Area(T )
=

|T2|
|T |

,

λ3 =

∣∣∣∣∣∣
1 1 1
x1 x2 x
y1 y2 y

∣∣∣∣∣∣∣∣∣∣∣∣
1 1 1
x1 x2 x3
y1 y2 y3

∣∣∣∣∣∣
=

Area(T3)

Area(T )
=

|T3|
|T |

,

where T1, T2, and T3 are the triangles. These are now linear functions in x, y and are the nodal basis,
since Ni(λi) = δij . So λ1, λ2, λ3 form a nodal basis for (T, PT ,NT ), where NT is the evaluation
at a1, a2, a3. Note that the barycenter of a triangle is the point with coordinates (1/3, 1/3, 1/3).
Recalling that x = [x, y]T , we can then define any value in T as

P (x) = α1λ1(x) + α2λ2(x) + α3λ3(x),

and see that P (ai) = αi. Therefore, we have a nodal basis:

P (x) =
∑
i

P (ai)λi(x),
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Figure 2: Triangle T .

where the λi’s are linear functions of x, y. Next, let x ∈ [a1, a2]. Then we can write x = (1− θ)a1+
θa2, for some θ ∈ [0, 1]. As well, we can see that

P (x) = P ((1− θ)a1 + θa2) =
3∑

i=1

P (ai)λi((1− θ)a1 + θa2)

= (1− θ)

3∑
i=1

P (ai)λi(a1) + θ

3∑
i=1

P (ai)λi(a2)

= (1− θ)P (a1) + θP (a2)

for any θ ∈ [0, 1]. Thus the value of x for P on the line [a1, a2] is only dependent on the values of
the endpoints of the line. Now consider the triangle T = [a1, a2, a4] : see Fig. 2. Assume we have a

nodal basis of {λ̂1, λ̂2, λ̂3}. If q ∈ P 1[a1, a2, a4], then we have that

q(x) = q(a1)λ̂1(x) + q(a2)λ̂2(x) + q(a4)λ̂4(x).

Then we can see that if P (a1) = q(a1) and x = (1− θ)a1 + θa2, and we have

q(x) = (1− θ)q(a1) + θq(a2) = P (x).

This implies that if triangles share an edge, we need that all of the vertices agree, i.e., we must
demand continuity on shared vertices and edges.

3.2.1 C0-P 1 Elements

We now turn to search for the global nodal functions. Consider the space C0-P 1, the space of
continuous piecewise linear functions. Let Th be a triangulation of a polygonal domain Ω, and
denote the vertices of Th by z1, . . . , zn. Define the global space

Vh =
{
v ∈ C0(Ω) | vh|T ∈ PT = P1,∀T ∈ Th

}
.

Then the global degrees of freedom are the evaluations at zi, i.e., NT = {N1, . . . , Nn}, where
Ni(u) = u(zi), for i = 1, 2, . . . , n. Then we have a global basis of ϕ1, . . . , ϕn, where ϕi(zj) = δij ,
and ui is linear on any T ∈ Th. Note that if vh ∈ Vh, we have that vh =

∑n
i=1 αiϕi, vh(zj) = αj ,

thus vh =
∑n

i=1 vh(zi)ϕi. Therefore, we can see that any vh ∈ Vh is uniquely determined by
vh(zi)

n
i=1 ∈ Rn.
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3.2.2 C0-P 2 Elements

Let (T, PT ,NT ) be a finite element, where T = [z1, z2, z3], and

PT = P 2 =
{
ax2 + bxy + cy2 + dx+ ey + f | a, b, c, d, e, f ∈ R

}
and NT = {N1, N2, N3, N12, N13, N23}, where Ni(u) = u(zi), and Nij(u) = zij , i = 1, 2, 3, 1 ≤ i <
j ≤ 3, where zij is the midpoint of [zi, zj ]. For our nodal basis {ϕ1, ϕ2, ϕ3, ϕ12, ϕ13, ϕ23}, we now
need

ϕi(zj) = δij , ϕi(zjk) = 0, ϕij(zkl) = 1, if ij = kl, ϕij(zkl) = 0 if ij ̸= kl, ϕij(zk) = 0.

One can then find that

ϕ1 = λ1(2λ1 − 1), ϕ12 = 4λ1λ2

ϕ2 = λ2(2λ2 − 1), ϕ23 = 4λ2λ3

ϕ3 = λ2(2λ3 − 1), ϕ13 = 4λ1λ3.

Note that the support for a midpoint nodal function is at most 2 triangles. However, a node that
is defined on the vertex has support on how many triangles share the node. Defining

Vh = {v ∈ C0(Ω) | vh|T ∈ PT = P 2, ∀T ∈ Th},

we can find the global DoF by taking the evaluations at the nodes and the evaluations at the
midpoints of all edges. One crucial question we must ask ourselves now is the following. Are the
spaces C0-P 1 and C0-P 2 subspaces of H1(Ω), for a given triangulation Th? The answer is yes, and
is a corollary of the following theorem.

Theorem 3.10. Define Ω ⊂ Rd, d = 2, 3. Assume that the triangulation Th = {Ti}i∈I is a
subdivision of Ω. If v : Ω → R satisfies

1. v|Ti ∈ H1(Ti) for all Ti ∈ Th, and

2. for any common faces Fij = Ti ∩ Tj, we have that (v|Ti)|Fij = (v|Tj )|Fij in the trace sense,

then v ∈ H1(Ω).

Proof. Let wj = Djv = ∂v
∂xj

, j = 1, 2, . . . , d, defined on each Ti ∈ Th, not global but in each element.

We need to prove that ∫
Ω
wjϕ = −

∫
Ω
vDjϕ, ∀ϕ ∈ D(Ω).

To accomplish this, we use Green’s formula, as v ∈ H1(Ti),∫
Ω
wjϕ =

∑
Ti∈Th

∫
Ti

wjϕ

= −
∑

Ti∈Th

(∫
Ti

vDjϕ−
∫
∂Ti

vϕnTi

)
,
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where nTi is the normal vector of the triangle Ti. Since ϕ = 0 on ∂Ω, we see that
∫
E vϕnE = 0,

where E ⊂ ∂Ω. We just need to consider the edges that are shared between two triangles. If Ti, Tk

share a face Fik, then we know that nTi = −nTk := nik. Then on the faces,∑
Ti∈Th

∫
∂Ti

vϕnTi =
∑
Fik

∫
Fik

ϕ (v|Ti − v|Tk
)nik = 0,

by our second hypothesis. This proves that C0-P 1 and C0-P 2 are conforming spaces, i.e., subspaces
of H1(Ω).

3.3 Finite Element Model Problem

Let Ω ⊂ R2 be a polygonal domain. Given functions f, uD, and g, along with a constant c ≥ 0, we
seek to find u such that

−∆u+ cu = f, in Ω, (*)

u = uD, on ΓD,

∂u

∂n
= g, on ΓN ,

where ∂Ω = ΓD ∪ ΓN . We define H1
D =

{
v ∈ H1(Ω) | v|ΓD

= 0
}
. Taking v ∈ H1

D, and multiplying
(*) by v, we get

(−∆u+ cu)v = fv

=⇒
∫
Ω
(−∆u+ cu)v =

∫
Ω
fv

=⇒
∫
Ω
−∆uv + c

∫
Ω
uv =

∫
Ω
fv

=⇒
∫
Ω
∇u · ∇v −

∫
∂Ω

∂u

∂n
v + c

∫
Ω
uv =

∫
Ω
fv (Green’s second formula)

∫
Ω
∇u · ∇v −

=0︷ ︸︸ ︷∫
ΓD

∂u

∂n
v−

∫
ΓN

=g︷︸︸︷
∂u

∂n
v + c

∫
Ω
uv =

∫
Ω
fv∫

Ω
∇u · ∇v −

∫
ΓN

gv + c

∫
Ω
uv =

∫
Ω
fv

=⇒
∫
Ω
(∇u · ∇v + cuv) dx =

∫
Ω
fv dx+

∫
ΓN

gv ds, ∀v ∈ H1
D. (1)

We call (1) our variational formulation of (*). The Dirichlet condition u = uD on ΓD imposes
v = 0 on ΓD, because

∂u
∂n |ΓD

is not known. Therefore u = uD on ΓD is called an essential boundary

condition, and V = H1
D is called the test space. The Neumann boundary condition ∂u

∂n = g on ΓN

is called a natural boundary condition, since it does not imply any restriction on the test space.
We reformulate (1) to the following problem. Find u ∈ H1(Ω) such that

u = uD on ΓD

a(u, v) = (f, v) + ⟨g, v⟩ΓN
, ∀v ∈ V = H1

D(Ω). (2)

We cannot use Lax-Milgram here, since u, v are in different spaces. We can however prove that if

f ∈ L2(Ω), g ∈ L2(ΓN ), (or H−1/2(ΓN )), and u ∈ H
1/2
Γ (Ω) = {u|ΓD

| u ∈ H1(Ω)}, then (2) has a
unique solution.
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Figure 3: One such triangulation.

To apply Lax-Milgram here, we will assume that uD is defined on the entire Ω, where uD ∈
H1(Ω), an extension. Then we write u = u0+uD, where u0 = u−uD ∈ H1

D(Ω). Then (2) becomes
the problem, Find u0 ∈ H1

D(Ω) such that

a(u0, v) = (f, g) + ⟨g, v⟩ΓN
− a(uD, v), ∀v ∈ H1

D(Ω).

Thus v, u0 are in the same space, and we can apply Lax-Milgram.

3.4 Discretization of C0-P 1 Galerkin Finite Element

Let Th be a triangulation of Ω. Assume that Vh = span{ϕ1, . . . , ϕn}. Let N be the number
of vertices in Th. For simplication, Let the ϕi’s be the nodal basis, where ϕi(zj) = δij , i, j =

1, 2, . . . , N . Since Vh ⊂ H1(Ω), we now look for uh =
∑N

i=1 αiϕi, where αi = uh(zi), i = 1, . . . , N .
If we define Vh,ΓD

= Vh ∩ H1
D(Ω) = span{ϕ1, . . . , ϕn}, then the discrete variational formulation

becomes, Find Uh ∈ Vh such that

uh(zk) = uD(zk), k = n+ 1, n+ 2, . . . , N,

a(uh, ϕi) = (f, ϕi) + ⟨g, ϕi⟩ΓN
, i = 1, 2, . . . , n. (*)
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We can then see that uh can be written as

uh =
n∑

i=1

αiϕi︸ ︷︷ ︸
u0
h

+
N∑

k=n+1

uD(zk)ϕk︸ ︷︷ ︸
uD
h

.

Computing this splitting, and using this as we did in the previous continuous case, we can the
prove that we have a unique solution to (*). TO this end, we can then write our final formulation
of the problem: Find u0h =

∑n
j=1 αjϕh, such that

a(u0h, ϕi) = (f, ϕi) + ⟨g, ϕi⟩Γn
− a(uDh , ϕi), i = 1, 2, . . . , n

n∑
j=1

αja(ϕj , ϕi) = bi + ti − a(uDh , ϕi), i = 1, 2, . . . , n,

where b = (bi = (f, ϕi))
n
i=1 is called the load vector, t = (ti =

∫
ΓN

gϕi ds)
n
i=1 is called the traction

vector, the nodes not on ΓD, z1, . . . , zn are called free nodes, and the nodes on ΓD, zn+1, zn+2, . . . , zN
are called the Dirichlet nodes.

Therefore, we have the following matrix system:

A = [a(ϕi, ϕh)]i,j = [(∇ϕi,∇ϕj)]i,j︸ ︷︷ ︸
S

+ c[ϕi, ϕj ]i,j︸ ︷︷ ︸
M

,

Afreeα = b(free) + t(free)− (A(all,Dir) · uDh )(free), (1)

where

uDh =

uD(zn+1)
...

uD(zN )

 = uD(Dir),

and where b(free) implies just the elements with the free nodes, and A(all,Dir) means that we take
all of the rows and only the columns corresponding to Dirichlet nodes.

3.5 Implementation of the Galerkin Method

To implement (1), we need to build S,M , both N ×N , and b, t, both N × 1, from Th, where N is
the number of nodes. We will vectorize this system since this allows us to reduce the complexity of
the system from N2 to either N or N logN . For assembly, we will use no loops and capitalize on
the sparse structure of the matrices. Consider a triangle K with vertices z1, z2, z3. The steps are
the following.

1. Build the local information, that is, for every triangle K¡ we must construct

(a) local mass matrices: M = ((λi, λj))
3
i,j , where (λi, λj) =

∫
K λiλj ,

(b) local stiffness matrices: S = ((∇λi,∇λj))
3
i,j=1, where (∇λi,∇λj) =

∫
K ∇λi · ∇λj ,

(c) local load vector: b =
(∫

K fλi

)3
i=1

,

(d) local traction vector: t =
∫
ΓN

gλi.

2. Assemble the local information by using the MATLAB commands and functions sparse, accumarray,

reshape, bsx fun, kron.

We will now discuss how to build each of the 4 pieces of local information that we need in step 1.
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3.5.1 Local Mass Information

Let K be a generic triangle, with K = [z1, z2, z3]. Let ϕi|K = λi be the local nodal function. We
now need to compute

∫
K λiλj dx, where x = (x, y)t. There are several ways to compute this, but

we will see that the easiest way is to use the Holland-Bell formula:∫
K
λm
1 λn

2λ
p
3 =

m!n!p!

(m+ n+ p+ 2)
∆K,

where

∆K =

∣∣∣∣∣∣
1 1 1
x1 x2 x3
y1 y2 y3

∣∣∣∣∣∣ = 2 ·Area(K) = 2 |K| .

We can see that with this formula,

(λi, λi) =

∫
K
λ2
i =

2!0!0!

(2 + 0 + 0 + 2)!
∆K =

1

12
∆K,

and

(λi, λj) =

∫
K
λiλj =

1!1!0!

(1 + 1 + 0 + 2)!
∆K =

1

24
∆K, i ̸= j

We can see then that our mass matrix for K is

MK =
∆K

24

2 1 1
1 2 1
1 1 2

 ,

which depends only on ∆K or the area of K.

3.5.2 Reference Triangles and Affine Transformations to the Physical Element

LetK be a generic triangle [z1, z2, z3]. If we would like to integrate onK, it may be very complicated
given the fact that Gaussian quadratures or other numerical integration techniques are defined for a
much simpler domain. Thus we define the reference triangle, K̂ to be the triangle with coordinates
(0, 0), (1, 0), (0, 1) in a coordinate system (ξ, η). We would like to find a linear transformation,
TK : K → K̂ so that we can integrate on K̂, rather than K, but still admit the same answer, and
allow us to use quadrature techniques. The following theorem gives us this linear transformation..

Theorem 3.11. Let K be a triangle with vertices [z1, z2, z3], where zi = (xi, yi). Then there exists
a unique linear transformation TK : K → K̂ such that T (0, 0) = z1, T (1, 0) = z2, and T (0, 1) = z3,
and it is given by

TK(ξ, η) =

[
x2 − x1 x3 − x1
y2 − y1 y3 − y1

] [
ξ
η

]
+

[
x1
y1

]
= x.

This transformation preserves the ratio of barycentric coordinates.

Now defining our linear transformation as TK x̂ = BK x̂+ z1, and if F : K → R, we can see that∫
K
F (x) dx =

∫
K̂
F (TK(x̂)) · det(BK) dx̂,

where det(BK) = ∆K = 2 |K|. Thus this linear transformation allows us to have that∫
K
F (x) dx = 2

∫
K̂
F (Tk(x̂)) |K| dx̂.

Thus, for all triangles K, we will need to store BK since it admits many important properties.
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3.5.3 Local Stiffness Matrix

Let K = [z1, z2, z3] be our generic triangle, and we will now need SK = ((∇λi,∇λj))
3
i,j=1. Recall

that

λ1 =

∣∣∣∣∣∣
1 1 1
x x2 x3
y y2 y3

∣∣∣∣∣∣
∆K

=
1

∆K

(∣∣∣∣x2 x3
y2 y3

∣∣∣∣− x

∣∣∣∣ 1 1
y2 y3

∣∣∣∣+ y

∣∣∣∣ 1 1
x2 x3

∣∣∣∣) .

Therefore, if we were to calculate ∂λ1
∂x and ∂λ1

∂y , we would find that they are both constants, since
λ1 is linear in y and x. Therefore, we can see that

(∇λ1,∇λ1) =

∫
K

(
∂λ1

∂x

∂λ1

∂x
+

∂λ1

∂y

∂λ1

∂y

)
=

(
∂λ1

∂x

∂λ1

∂x
+

∂λ1

∂y

∂λ1

∂y

)
|K| .

We can then find readily that

∂λ1

∂x
=

1

∆K
(y2 − y3)

∂λ2

∂x
=

1

∆K
(y3 − y1)

∂λ3

∂x
=

1

∆K
(y1 − y2)

∂λ1

∂y
=

1

∆K
(x3 − x2)

∂λ2

∂y
=

1

∆K
(x1 − x3)

∂λ3

∂y
=

1

∆K
(x2 − x1).

3.5.4 Mesh Structure

To start coding this, we will create a mesh structure in MATLAB, called T. Define nT to be the
number of triangles and nC to be the number of nodes. Then to create T, we need to have 4 inputs:

1. T.coordinates, the x, y coordinates of all the nodes in the mesh, which is nC · 2.

2. T.elements, the elements of the mesh in therms of the nodes, which is nT · 3.

3. T.dirichlet, the Dirichlet boundary edges in terms of the nodes.

4. T.neumann, the Neumann boundary edges in terms of the nodes.

There are a lot of outputs that are necessary for this triangulation. Here are the functions that we
will need to output:
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Table 1: Outputs Needed for Triangulation

Output Explanation

T.baryc the (x, y) coordinates of the barycenter of each element
T.detB the determinant of the matrix BK

T.g11 ∂λ1
∂x of size nT · 1

T.g12 ∂λ1
∂y of size nT · 1

T.g21 ∂λ2
∂x of size nT · 1

T.g22 ∂λ2
∂y of size nT · 1

T.g31 ∂λ3
∂x of size nT · 1

T.g32 ∂λ3
∂y of size nT · 1

T.gx the partial derivatives with respect to x of nodal functions g11, g21, g31
T.gy the partial derivatives with respect to y of nodal functions g12, g22, g32
T.midptNeu coordinates of the midpoint of Neumann edges
T.ledgesNeu lengths of the Neumann edges

3.5.5 How to Implement the Code

The first important function we need to recall is sparse. Let A be an N × N matrix. To store
this matrix in MATLAB, we would need N2 storage for this, but if A is a sparse matrix, then the
number of nonzero entries is approximately kN , where k ≪ N . It would benefit us to only use kN
blocks of memory for this. For example, consider the matrix

A =


1 0 0
0 3 9
0 0 0
0 5 0

 .

To save this with the sparse function, MATLAB saves the indices of the nonzero entries, and the
corresponding entries. Letting the row index i ∈ I, and the column indices j ∈ J , and the values
are aij → a, then we have

I =


1
2
4
2

 , J =


1
2
2
3

 , a =


1
3
5
9

 .

We get that sparse(I,J, a, 4, 3) gives us the required code to make A, as this implies that
(1, 1) → 1, (2, 2) → 3, (4, 2) → 5, (2, 3) → 9. If we type full(A), this will give us back the full
matrix in its original representation as above. The optional (4,3) on the end of the function allows
us to change the size of the matrix and include more zeros if necessary. For example, then we can
have

sparse(I,J,a,5,5) →


1 0 0 0 0
0 3 9 0 0
0 0 0 0 0
0 5 0 0 0

 .
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3.5.6 Assembling the Global Mass Matrix

To construct the load vector, we will need to calculate

(f, ϕi) =

∫
Ω
fϕi =

∑
K adj. to zi

∫
K
fϕi =

∑
K adj. to zi

∫
K
fλi.

So, for each K, we need to compute
∫
K fλi, for i = 1, 2, 3, with K = [z1, z2, z3]. To do this, we will

utilize Gaussian quadrature using the barycenter of K, bK = z1+z2+z3
3 . We can then approximate

this by ∫
K
F (x) dx ≈ F (bk) |K| = Q1(F ).

This approximation is exact for any linear functions F (x, y) = ax+ by + c. Therefore, we get that∫
K
fλi = f(z123)λ(z123) =

1

3
f(z123) =

∫
K
fλ2 =

∫
K
fλ3.

To calculate the traction vector ti =
∫
ΓN

gϕi ds, for all ϕi, we will use the midpoint rule∫
G(x) ds ≈ G(me) |e| ,

where me is the midpoint of the edge, and |e| is the length of the edge. Therefore, we need the
coordinates of the me and the length of e for all e ⊂ ΓN . Then we can see that

ti =
∑

e⊂Γi adj. to i

∫
e
gϕi ds =

∑
e⊂ΓN adj. to i

g(me)ϕ(mi) |e| =
1

2
g(me) |e| .

We can now build this matrix by using this approximation.

4 Let’s Skip Ahead Abit

To future me, don’t skip classes.

4.1 Stokes and Navier Stokes Equations

The Navier-Stokes equations model flow motion, where the liquid is homogeneous, incompressible,
and Newtonian, with steady flow. They are as follows.

−∆u = Re(u · ∇)u+∇p = f

∇ · u = 0, in Ω,

u = 0, on ∂Ω,

where Ω is bounded in R2, or R3, u = u⃗ is the velocity field of the fluid, Re is the Reynolds number,
p is the pressure, f = f⃗ are external forces, ν = 1

Re is kinematic viscosity, ∆u = [∆u1,∆u2,∆u3]
T ,

and (u ·∆)u =
∑3

i=1 ui
∂u
∂xi

.

If the Reynolds number is small, we are assuming a very viscous flow, like molasses, which we
can study as Stokes system: 

−∆u+∇p = f

∇ · u = 0, in Ω

u = 0, on ∂Ω.
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To make p unique, we must choose p such that
∫
Ω p = 0, so we are searching {p ∈ L2(Ω) |∫

Ω p = 0}. We are searching for u ∈ (H1
0 (Ω))

d. We may replace ∇ · u = 0 with ∇ · u = g, but we
necessarily need ∫

Ω
g =

∫
Ω
∇ · u =

∫
∂Ω

u · nds = 0.

Thus we require
∫
Ω g = 0.

Assume d = 2. Then we can write our Stokes system explicitly as
−∆u1 +

∂p
∂x1

= f1 in Ω

−∆u2 +
∂p
∂x2

= f2 in Ω
∂u1
∂x1

+ ∂u2
∂x2

= g = 0 in Ω

u = 0 on ∂Ω.

We now would like to study the variational formulation of this problem. We will take three test
functions v1, v2 ∈ H1

0 (Ω), and q ∈ L2
0(Ω). Taking the first equation, multiplying by v1, and

integrating, we get the following, by applying Green’s formulas:∫
Ω
−∆u1v1 +

∫
Ω

∂p

∂x1
v1 =

∫
Ω
f1v1∫

Ω
∇u1∇v1 −

∫
∂Ω

∂u1
∂n

v1 ds−
∫
Ω
p
∂v1
∂x1

+

∫
∂Ω

pv1n1 =

∫
Ω
f1v1∫

Ω
∇u1∇v1 −

∫
Ω
p
∂v1
∂x1

=

∫
Ω
f1v1.

Similarly, ∫
Ω
∇u2∇v2 −

∫
Ω
p
∂v2
∂x2

=

∫
Ω
f2v2

−
∫
Ω
div u · q = −

∫
Ω
gq.

By adding the equations together, we get∫
Ω
∇u1 · ∇v1 +∇u2 · v2 −

∫
Ω
p div v =

∫
Ω
f · v

−
∫
Ω
div u · q = −

∫
Ω
gq.

This leads to the mixed formulation / saddle point problem: Find (u, p) ∈ (H1
0 (Ω))

2 × L2
0(Ω) such

that

a(u, v) + b(v, p) = ⟨f, v⟩ , ∀v ∈ (H1
0 )

2

b(u, q) = ⟨g, q⟩ , ∀q ∈ L2
0(Ω),

where a(u, v) = (∇u,∇v), b(u, p) = −
∫
Ω(div v)p.
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4.2 Laplace Equation as a Mixed Problem

Given f ∈ L2(Ω), c = c(x) > 0, a smooth function on Ω ⊂ Rd, d = 2, 3, consider the problem: Find
u such that {

−div(c∇u) = f in Ω

u = 0 on ∂Ω.

Note that if c = 1, we are left with −∆ = f . Denote the flux as σ := c∇u. We now look for
u ∈ H1

0 (Ω). Then we need to find σ such that −div(σ) = f ∈ L2(Ω). The natural space for σ is

H(div,Ω) = {u ∈ (L2(Ω))d | div(u) =∈ L2(Ω)},

where the norm is
∥z∥2H(div,Ω) = ∥z∥2L2(Ω) + ∥div(z)∥2L2(Ω) .

Therefore, our new system is then {
∇σ = −f in Ω

c−1σ −∇u = 0 on ∂Ω.

Letting z ∈ H(div,Ω), and v ∈ H1
0 (Ω), multiplying and integrating the first equation, we get∫

Ω
c−1σ · z −

∫
Ω
∇uz = 0, ∀z ∈ H(div,Ω).

For the second formula, we first note that Green’s formula admits∫
Ω
div(σ)v dx = −

∫
Ω
σ · ∇v dx+

∫
∂Ω

(σ) · v ds︸ ︷︷ ︸
=0

= −
∫
Ω
σ · ∇v dx.

Therefore, the second equation gives us

−
∫
Ω
σ · ∇v dx = −

∫
Ω
dv dx,∀v ∈ H1

0 (Ω).

Defining a(σ, z) =
∫
Ω c−1σ · z dx and b(σ, v) = −(σ,∇v), for all (σ, v) ∈ H(div,Ω)×H1

0 (Ω). We can
now reformulate the problem: Find (σ, u) ∈ H(div,Ω)×H1

0 (Ω) such that

a(σ, z) + b(z, u) = 0, ∀z ∈ H(div,Ω)

b(σ, v) = ⟨f, g⟩ , ∀v ∈ H1
0 (Ω).

This is a similar system to our Stokes system, implying that this problem can probably be written
in some general form.

4.3 Mixed or Saddle Point Problems

The abstract general form for a mixed method or saddle point problem on Ω ⊂ Rd is as follows.
Let V,Q be Hilbert spaces, with bilinear forms a(·, ·) : V × V → R, b(·, ·) : V × Q → R. Denote
a0(·, ·) as the inner product on V , and (·, ·) the inner product on Q. We solve the problem: Find
(u, p) ∈ V ×Q such that {

a(u, v) + b(v, p) = ⟨f, v⟩ , ∀v ∈ V

b(u, q) = ⟨g, q⟩ , ∀q ∈ Q.
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We now define B : V → Q, where (Bv, q) = b(v, q), ∀v ∈ V, q ∈ Q,B∗ : Q → V ∗, where ⟨B∗q, v⟩ =
b(v, q), ∀v ∈ V, q ∈ Q,A0 : V → V ∗, where ⟨A0u, v⟩ = a0(u, v), for all u, v ∈ V . We define
∥u∥V = |u| and ∥p∥Q = ∥p∥ for simplicity. As well, define V0 = {v ∈ V | b(v, q) = 0,∀q ∈ Q} =
{v ∈ V | Bv = 0} = ker(B).

Example 4.1. For Stokes problem, V = H1
0 (Ω), Q = L2

0(Ω). As well, since b(v, q) ==
∫
Ω div v·q dx.

Then we get

a0(u, v) =

∫
Ω
∇u · ∇v dx, (p, q) =

∫
Ω
pq dx.

Solving for B, we now see

(Bv, q) = b(v, q) = −
∫
Ω
div v · q = −(div v, q),∀q ∈ L2

0(Ω).

Therefore, Bv = −div v. As well, using the definition of the weak derivative, we get

⟨B∗q, v⟩ = b(v, q) = −
∫
Ω
div v · q =

∫
Ω
∇q · v = (∇q, v), ∀v ∈ H1

0 (Ω).

Therefore, B∗q = ∇q. For the space of V0, we get

V0 = {v ∈ (H1
0 (Ω))

2 | Bv = 0} = {v ∈ (H1
0 (Ω))

2 | div = 0},

and thus, V0 is the space of divergence free functions. Lastly, A0 can be defined as

⟨A0u, v⟩ = ⟨∇u,∇v⟩ = −(∆u, v) =⇒ A0u = −∆u.

Why is this called the Saddle point problem? Consider the Lagrangian

L(v, q) = 1

2
a(v, v)− ⟨f, v⟩+ b(v, q)− ⟨g, q⟩ .

Then our solution to Stokes problem can be thought of as

(u, p) = inf
q∈Q

sup
v∈V

L(v, q).

This is achieved when v = u, q = p, and this is called the saddle point property, and the solution
must be obtained at the maximum over V and minimum over Q.

4.4 Brezzi’s Theorem

We will end off the finite element notes with this theorem, and an application to Navier Stokes.

Theorem 4.2. Assume the following.

1. a, b are continuous bilinear forms.

2. a(u, v) ≤ M0 |u| |v| ,∀u, v ∈ V, and b(u, q) ≤ M1 |u| ∥q∥ ,∀u ∈ V, q ∈ Q.

3. a(·, ·) is coercive on V0, also known as kernel ellipticity, i.e., a(u, u) ≥ m0 |u|2, for all u ∈ V0.
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4. The LBB (Ladyshenskaja-Babuska-Brezzi) condition holds: there exists an m > 0 such that

sup
v∈V

b(v, p)

|v|
≥ m ∥p∥ ,∀p ∈ Q,

which can be rewritten as the inf-sup condition,

inf
p∈P

sup
v∈V

b(v, p)

∥p∥ |v|
≥ m.

Then the mixed variation / saddle point problem has a unique solution (u, p) ∈ V ×Q, and

|u|V + ∥p∥Q ≤ C(∥f∥V ∗ + ∥g∥Q∗),

where C is a constant of m,m0,M,M0.

We claim that the Stokes system satisfies Brezzi’s theorem.

4.5 Navier Stokes Equations

Consider the Navier Stokes equations:

−∆u+
1

ν
(u · ∇)u+∇p = f, in Ω,

∇ · u = 0, in Ω,

u = 0, on ∂Ω.

Assume that the Navier Stokes problem has a solution, which is a Millennium problem, currently.
The technique to find a good approximation to the solution of the Navier Stokes problem is as
follows. We solve the corresponding Stokes problem to get (u(0), p(0)), and use Picard Iteration to
solve for (u(k+1), p(k+1)), by solving

−∆u(k+1) +
1

ν
(u(k) · ∇)u(k+1) +∇p(k+1) = f, in Ω

∇ · u(k+1) = 0, in Ω,

u(k+1) = 0, on ∂Ω.

This is called the Oseen problem, which has a general form which we have good theory for.
The general Oseen problem is, given w ∈ (H1

0 (Ω))
d, and divw = 0, V = (H1

0 (Ω))
d, Q = L2

0(Ω),
find (u, p) ∈ V ×Q such that

−∆u+
1

ν
(w · ∇)u+∇p = f, in Ω

∇ · u = 0, in Ω

u = 0, on ∂Ω.

To construct the variational formulation for this problem, multiplying v ∈ V , and q ∈ Q by the
corresponding equations and integrating, we get two problems∫

Ω
∇u · ∇v +

1

ν

∫
Ω
(w · ∇u) · v −

∫
Ω
p div v =

∫
Ω
fv,∀v ∈ V

−
∫
Ω
div u · q = 0,∀q ∈ Q.
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We claim that this problem is linear, rather than nonlinear. To see this, note that

c(w, u, v) =
1

ν

∫
Ω
(w · ∇u) · v =

(
w ·

[
∂u
∂x1
∂u
∂x2

]
,

[
v1
v2

])
=

d∑
i,j=1

∫
Ω
wj

∂ui
∂xj

vi.

Therefore, if we fix w, we see that this is a bilinear form, and thus, this is linear. We do note
as well that c is antisymmetric in the 2nd and 3rd components, i.e., c(w, u, v) = −c(w, v, u).
Defining a(u, v) = a0(u, v) + c(w, u, v), and b(v, p) = −

∫
Ω div v · p, where Bv = −div v, and

V0 = {v ∈ V | div v = 0}, Oseen’s problem can be written as our saddle point problem.
We can try to apply Brezzi’s theorem. I will omit the proof that Oseens problem satisfies Brezzis

theorem.

5 Multigrid Preconditioning

Consider
−u′′ = f, u(0) = u(1) = 0.

The variational form of this is

a(u, v) :=

∫ 1

0
u′v′ dx = (f, v), ∀v ∈ H1

0 (Ω).

Setting Vh = span{ϕ1, . . . , ϕN} to be the C0-P 1 elements for [0, 1], we consider uh =
∑N

i=1 uiϕi, and
testing with v = ϕj , we can obtain the system Au = b, A is tridiagonal with −1s on the super diag-
onals and 2 on the diagonal, b = (bi)

N
i=1, Bi = h2f(xi). We know the eigenvalues and eigenvectors

corresponding to A are λk = 4 sin2(θk/2), ξk =
√
2
[
sin(θk) sin(2θk) . . . sin(Nθk)

]T
, θk = kπ

N+1 .

We can extend ξk to ξk, where ξk is 0 on all other nodes other than xk. This forms a basis for Vh.
We call all eigenvectors corresponding to k such that N+1

2 < k ≤ N , high frequency, corresponding
to θk ∈ [π/2, π]. For simple iterative methods, the high frequency modes are damped significantly,
while low frequency modes take a while to fully damp.

Because of this phenomenon, it takes a long time for the computation to fully run. Consider
the Richardson iteration scheme for solving Au = b:

uk+1 = uk + ω(b−Auk), ω ∈
(
0,

2

λmax (A)

)
.

Adding u to both sides and subtracting, we can see that

u− uk+1 = (I − ωA)(u− uk) =⇒ ek+1 = (I − ωA)ek =⇒ ek+1 = (I − ωA)k+1e0,

where en is the nth error vector u− un. Noting that {ξ1, . . . , ξN} is a basis for RN , we have

Aξk = λkξ
k =⇒ (I − ωA)mξk = (1− ωλk)

mξk.

Expanding e0 =
∑N

k=1 αkξ
k, we can see that

em =

N∑
k=1

αk(E − ωA)mξk =

N∑
k=1

αk(1− ωλk)
mξk.
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We denote that ρk := 1−ωλk as the damping coefficient of the kth mode, and thus ξk is damped by

ρmk . As an example, assume that ω = 1/4. Then one can calculate that ρ1 = cos2
(
π
2

1
N+1

)
≈ 1−ch2,

and ρN = cos2
(
π
2

N
N+1

)
≈ 1

2 .

Note that ρN corresponds to high frequency and ρ1 corresponds to low frequency modes. Then
we can see that it shouldn’t take too many iterations for the high frequency nodes to be effectively
be damped, since a decay rate of 1

2 is pretty steep. But we see for ρ1, as h → 0, ρ1 is near 1, which
will take many iterations to fully damped, so it will take lots of computational power to get close to
an error of 0. We can see iterative methods are effective at decaying the higher frequency modes,
but we are in need of another technique to get rid of the lower frequency nodes. This leads us to
the idea of the multigrid preconditioner.

5.1 V -Cycle Multigrid

Let V be a Hilbert space. Consider the problem: Find u ∈ V such that a(u, v) = ⟨f, v⟩, ∀v ∈ V ,
where f is continuous on V and a is symmetric and coercive on V . Denote (·, ·) as another inner
product on V .

Let V1 ⊂ V2 ⊂ . . . ⊂ VJ = Vh be nested subsets of finite dimensional spaces. Then the problem
is now to solve: Find uJ ∈ VJ such that a(uJ , v) = (fJ , v),∀v ∈ VJ , where fJ is the projection of f
onto VJ , i.e. (fJ , vh) = (f, vh), ∀vh ∈ Vh.

We define the following operators:

Aj : Vj → Vj , (Aju, v) = a(u, v),∀u, v ∈ Vi, i = 1, 2, . . . , J,

Qj : VJ → vj , (Qjf, v) = (f, v), ∀f ∈ VJ ,∀v ∈ Vj , j = 1, 2, . . . , J.
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