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1 Chapter 1. Measure

1.1 Lecture 1. Riemann Integral Review

Intuitively, given some bounded function f : [a,b] — R, the integral

/ab f(z) da

expresses the area under the graph of the function. We learned of the Riemann integral in 600.
Let’s talk about why the theory of Riemann integration can be insufficient.

Example 1.1. Continuous functions are Riemann integrable, but consider the Dirichlet function
X0 : [0,1] = R, with
)1 z€Q
xol@) =93, . ‘0.

The lower sums and upper sums of over any partition over [0,1] of xg never agree, due to the
density of the rationals in R, so xq is not Riemann integrable. On the other hand, consider the
Riemann function p : [0,1] — R, with

We can show p to be Riemann integrable, with integral 0.

So how can we determine exactly when a function is Riemann integrable? We notice that the
Direchlet function is continuous nowhere on [0,1]. However, with the Riemann function, we see
that the function is only discontinuous on the rationals points in [0, 1], while being continuous in
the irrational points. Later we will formally connect this idea of continuity on certain sets with
determining the Riemann integrability of a function. We recall two definitions from 600.

Definition 1.2 (Pointwise convergence). Consider {f,}, where Vn € Z*, f, : [a,b] — R, and
f:la,b] = R. We say f, — f pointwise if

Va € [ab], I fu(z) = F(a).
Definition 1.3 (Uniform convergence). We say f, — f uniformly if Ve > 0, Ing € Z" such that
|f(@) = fu(z)] <&,V € [a,b],Yn = no.

Equivalently, for a function g : [a,b] — R, let ||g||, := sup,<,<p|9(z)|. Then f, — f uniformly iff
1fn = flle = 0.



Theorem 1.4. If {f,} is a sequence of Riemann integrable functions, and f, — f uniformly, then
f is Riemann integrable, and

lim [ f,= /f.

n—oo

The same is not true for pointwise convergence. When this convergence is pointwise, and it is
true that f is Riemann integrable, it may not be true that their integrals are the same.

Example 1.5. Let x,, : [a,b] — R be such that

1 z=2¢<n
T) = E
Xn(@) {O otherwise.

Then we can see X, is Riemann integrable, (since its set of discontinuities is finite), and x, — Xx@-
But xq is not Riemann integrable.

Example 1.6. Consider f : [a,b] — R to be the everywhere 0 function. Let f, : [a,b] — R such
that
n ze (0,1

Each f, is Riemann integrable, and f, — f pointwise. But the integral of f,, over [a,d] is 1, but
the integral of f is 0.

Mainly we’ll spend much of this chapter developing the theory of an integral which plays well
with pointwise convergence.

1.2 Lecture 2. Weierstrauss Approximation Theorem

Briefly, let us talk about some tools we will need for our discourse. We will spend some time
building the Weierstrauss approximation theorem.

Definition 1.7. Let Cla,b] = {f : [a,b] — C | f is continuous}. Let Crla,b] = {f : [a,b] — R |
f is continuous}. Note, for any f : [a,b] — C, we can split f into its real and imaginary parts,
f=Ref+ilmf. If fis continuous, then its real and imaginary parts are also continuous.

Definition 1.8. Given f € C[a,b], or f € Cgrla, b], we define

[fllo = sup [f(2)],

a<a<b
to be the uniform, or infinity norm of f.
Recall that C[a,b] is a vector space over C.
Theorem 1.9. |||, is a norm.

Proof. If || f|| ., is zero, then by definition, f must be identically zero. Also properties of absolute

value / modulus, |Af(x)| = |A||f(z)|. The triangle inequality also follows as a result of the triangle
inequality of the absolute value / modulus. O
Definition 1.10. A pair (X, ||-||), where X is a vector space, and ||-|| : X — R is a norm, is called

a normed vector space.



Proposition 1.11. Given a normed vector space (X, ||-||), we can define a metric d on X by letting

d(f,g) = If —gl-

All of the properties of metrics follow by the properties of norms.

Definition 1.12. Recall if (X, d) is a metric space, and suppose {z,} C X. We say z,, — =z if
Ve > 0, 3N € Z* such that
d(zp,x) <e, Vn>N.

The main point of this review is to answer the following questions.

1. Can continuous functions be approximated well in uniform distance by some class of familiar
functions?

2. How much information for a continuous function f : [a,b] — R is encoded in its Riemann
integral?
1.2.1 Moments of a Function

Definition 1.13. Suppose f : [a,b] — R is continuous. The nth moment of f is the value

b
,un(f):/f(x)x”da;, n=0,1,2,....

This notion of moments is borrowed from probability theory. To help answer our second question
from above, we ask the following. If f : [a,b] — R is a continuous function, does the sequence

{pn(f)} determine f?
Proposition 1.14. In other words, if pun(f) = pun(g),Vn € Z*, is it true that f = g?

The answer is yes. The moments of a function f determine the function f. To prove this, we
will use the following result.

Theorem 1.15 (Weierstrauss approximation theorem). For every f € Cla,b], there exists a se-
quence of polynomials {P,} such that || P, — fl|, — 0 uniformly.

This theorem effectively answers our first question. Before we prove this, let us see why this
answers our second question.

Proof of Proposition 1.14. Let f,g € Cla,b]. We claim that if we show that when u,(f) = 0,Vn €
Z*, then f = 0 identically, this is enough to prove that pu,(f) = un(g),¥n € Z+ = f = g. This
is because if pn(f) = pn(g),¥n € Z*, then

pn(f) = tn(9) =0 = pin(f—9) =0= f—g=0= f=g.

Suppose p,(f) = 0,Yn € Z*. Then

/a b f(z)z" dz = 0.

But this implies that for any polynomial P(z),
b
/ f(z)P(z)dx = 0.
a
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By the Weierstrauss approximation theorem, there is some sequence of polynomials { P, } such that
P, — f uniformly. Then

b
/ f(@)Py(z)dx =0

n—oo

b b
. lim / F(@) () d = / (F(x))2 dz = 0.
a a
Since (f(x))? is nonnegative, and its integral is 0, we conclude that f is identically 0. O

With respect to answering our second question, this means that we can recover a function from
its moments. Speaking in an applied sense, we see this as being useful in signal processing, where
we can reconstruct a signal using a finite set of moments.

1.2.2 Weierstrauss Approximation Theorem

The proofs for the Weierstrauss approximation, and the following Stone-Weierstrauss approximation
theorem are in Rudin’s Principles of Mathematical Analysis.

1.3 Lecture 3. Stone-Weierstrauss Approximation Theorem

Assume that K is a compact subset of a metric space (X,d). Consider C(K), the space of all
continuous complex-valued functions on K, and write Cr(K) to be the space of continuous real-
valued functions on K.

1.3.1 Stone-Weierstrauss Approximation Theorem

Theorem 1.16 (Stone-Weierstrauss, real case). Let K be as above, and let A C Cr(K) be an
algebra:

1. f,ge A= fge A,
2. f,ge A= f+gecA,
3. Afe AVIeER, feA.

Suppose A separates points: given x # y, 3f € A, f(x) # f(y), and that A does not vanish:
Ve e K,3f € A, f(z) #0. Then A is dense in Cr(K) in ||-|| -

It is not hard to see that the Weierstrauss approximation theorem follows from the Stone-
Weierstrauss approximation theorem. Let us see some examples of the Stone-Weierstrauss approx-
imation theorem applied.

Example 1.17. Let K, L be compact sets, and for f € C(K),g € C(L),let f®g: K x L — R be
given by
(f @ g)(z,y) = f(@)g(y).

Then f® g € Cr(K x L). Consider A =span{f®g | f € Cr(K),g € Cr(L)}. Note that A satisfies
all the assumptions of the Stone-Weierstrauss theorem. Consider that

(f1®91)(f2® 92) = fi91f292 = (fi1f2) ® (9192)-

We can see A separates points, where we can take the tensor product of the identity with itself
to get the identity, and because 1 ® 1 = 1, we see A does not vanish. Therefore, A is dense in
CR(K X L).



We will now state the complex-valued version of the Stone-Weierstrauss approximation theorem.

Theorem 1.18 (Stone-Weierstrauss approximation theorem, complex case). We take the same
assumptions as the real case, but we add the assumption that A is a self-adjoint algebra, that is

Vf e A, f €A Then A is dense in C(K).

Example 1.19. This result gets used in Fourier analysis. Suppose
T={zeC]||z| =1}

Then T is a compact metric space under the arclength metric. Consider C(T). The elementary
frequencies, or trigonometric polynomials are defined as follows. For n € Z, let ¢, € C(T),

Cn(z) = 2"

Why are these ¢, called trigonometric functions? Write z = % 6 € [0, 27). Then e? = cos 6+ sin 6.
Then we see

= cosnf + isinnd.

SN — (eie)n _ einﬁ

Let A = span{(, | n € Z}. Then we claim A satisfies the conditions of the Stone-Weierstrauss
approximation theorem in the complex case. The significance of this is that the elementary functions
are enough to recover all continuous functions in C(T), a key fact in harmonic and Fourier analysis.

1.3.2 Introducing the Lebesgue Theory

Suppose that f : [0,1] — R. We want to define | f as a real number equal to the area under
curve of f. The Lebesgue theory is developed with the intuition of calculating | f by dividing the
codomain of f into, initially interval partitions, and and summing by the lengths of these partitions
times the value of f over that interval. Later on, we generalize this notion of interval partitions
into general partitons, and their lengths as measures. To achieve this generalization, we are tasked
with developing a notion of size of a subset of R which is not necessarily an interval.

1.3.3 Constructing a Measure

We would like a function m : P — [0, £oo] which gives us the size of a subset of R. It would be
really nice if ...

1. m is defined on all of P.
2. If S = [a,b] C R, then m([a,b]) =b— a.

3. If 51,55,..., are all a countable collection of disjoint sets, then we should like to have
o0 o0
m (U sn> = m(S,).
n=1 n=1

4. If S C R, we would want m to be translation invariant: for any a € R, m(S) = m({s+a €
SlseS}t) =m(S+a)

Since this is my second time seeing the construction of this measure, I will spoil this and say this
is impossible!



Proposition 1.20. There exists sets which, given a function m satisfying the 4 properties above,
contradict the properties.

Proof. Assume m : P(R) — [0,+00) exists. Define an equivalence relation on R such that z,y €
R,z = y if x —y € Q. These equivalence classes are the cosets of Q by R. Define N C [0,1)
by selecting one point from every equivalence class. It is a simple argument to see that every
equivalence class intersects [0,1). Let R = QnN[0,1]. For r € R, let

N.={z+rjzeNz<l-riu{-l4+z+r|zeN,1-r<z<l1}C][0,1).

We claim [0,1) = J,eg Nr. Clearly (J,cr C [0,1) by construction of N,. Conversely, choose any
point z € [0,1). Now, (zr+Q)N[0,1) ={y},y € N. Thenz -y Q. lfer<y,r=y—r =z =
y+r e N,. If x >y, then —1+x —y =r € N,. We also claim that each N, "N, =0, if r # t. We
skip the proof of this claim for brevity. Therefore,

1=m([0,1)) =Y _m(N,) =) _m(N),
reR reR

a contradiction. Either this above sum diverges or it is 0.

O]

This set N is called a Vitali set. Luckily, we can only not satisfy 1, while satisfying 2, 3, 4.
What we will present is what Caratheodory described in his construction of the Lebesgue measure
and the Lebesgue o-algebra, to solve this problem.

1.4 Lecture 4. Caratheodory’s Construction

Since we cannot define the desirable measure on the power set of R, let us restrict ourselves. We will
now aim to define Lebesgue measureable sets £(R), and the Lebesgue measure A : L(R) — [0, o0].
We will start with defining the outer measure, and showing that when restricted sufficiently, the
outer measure is the measure we desire.

1.4.1 Outer Measure
Definition 1.21 (Outer Measure). For any A C R,

oo o
A*(A) := inf {Z bp—an| AC | (an,bn)}
n=1 n=1
In plain text, the outer measure of a set A is the infimum over the lengths of countable open interval

coverings of A.

Example 1.22. The outer measure, for € R, of {z} is 0. The outer measure of the set Z is 0.
You’d intuitively be able to shrink intervals around each point in these sets smaller and smaller,
until they become singleton intervals, which have no mass.

Proposition 1.23. The outer measure of any countable set is 0.

Proof. Suppose A is countable, with elements {a,}. Then let € > 0, and consider the open interval

covering
ap — € an +e¢
()}




This is clearly an open interval covering of A, and its length is

o0

S

n=1

We send € — 0 to conclude our proof. ]
Proposition 1.24. The outer measure of R is co.
Theorem 1.25. The outer measure satisfies the following.

1. If A C B, then \*(A) < X\*(B).

2. For any A C R, X*(A+1t) = \*(A), for any t € R.

3. For {A,} a countable collection of sets of R, we have
At (U An) <D N (Ap).
n=1 n=1

Proof. For 1, if {(an,by,)} is an open interval covering of B, then it is an open interval covering of
A. For 2, consider that A C |J;2(an, by) iff A+t C o, (an +t,b, +t). Also,

o0 oo
an—an:Zan—i—t—bn—t.
n=1 n=1

For 3, let € > 0. Since A\*(4;) is an infimum over lengths of open interval covers of A;, there exists
an open interval covering of A;, such that

k=1
such that
. () _ )y g €
< _ . =
N (A) < by —a)) < X(Ai) + 5
k=1
Set A = J;2, Ai. Therefore,
AcJ U@ v
i=1k=1
Therefore,
§ o0 o0 ; ; o0 . e
XA <D0 ) < 3N (A) +
i=1 k=1 =1
=+ > N(4)
i=1
Sending € — 0 gives us our result. O

We will now build £(R) € P(R) and the Lebesgue measure A : R — [0,00] to be defined as
Az m)-



1.4.2 Lebesgue Measurable Sets

Definition 1.26. A set £ C R is called Lebesgue measurable if \*(A4) = \*(ANE) + \*(AN E©),
for all A C R.

Definition 1.27. Let L(R) = {E C R | E is Lebesgue measurable}.
Theorem 1.28. The collection L(R) of all Lebesque measurable sets satisfies the following:
1. 0 € L(R).
2. If B € L(R), then E¢ € L(R).
3. If {En} C L(R), then |J,;~, E, € L(R).
4o If X=Xy, then if {E,} C L(R) is a countable and mutually disjoint collection of Lebesgue

measurable sets, then
A (U En> =3 MEn).
n=1

n=1
Proof. For 1, let A C R, consider that
A(A) =X (AND) + X" (ANR) = X*(4).
For 2, for some E € L(R),
MN(ANE)+ M (ANEY) = X (ANEC) + N(ANE) = \*(A).
For 3, assume F1, F» are Lebesgue measurable. Then
N(A) = N (AN Ey) + M (AN EY)
=N(ANE NE)+ XN (ANE NEY)+ A (AN EY)
> N (AN (E1 N Ey)) + XN (AN (B N Ey)Y),

hence F; N Ey is Lebesgue measurable. But Fy U Fy = (Elc N EQC )C, so F1 U FEs is Lebesgue
measurable. Applying an induction argument will show that £(R) is closed under finite unions.
Now, for 4, consider F1, Fo two disjoint Lebesgue measurable sets. Then

MELU Ey) = M(E1U E2) N Ey) + M(E1 U E2) N EY) = MEL) + A(Es).

We then show apply an induction argument to show that this holds for all n € ZT. Assuming
we have done this, let E, be a countable collection of sets in L(E,). We will now show that
USLO:lEn S ﬁ(R) Let £ = Ufil Ei. Set F1 = El,FQ = E2 \ Fl,F3 = E3 \ FQ,.... Then
UL, Fi=U, B, and E=J;2, F;. Fix ACR,

N (A) = XN (AN (U F)) + X (AN (U F)©)
> Zn: N(ANFE) 4+ \(ANEY)
=1

— A(A) =) N (ANE)+ X(An E°)
=1
> M (ANE) + M\ (AN E%).



1.5 Lecture 5. Characterization of Riemann Integrable Functions

I've skipped ahead a little, because I've taken a version of this course before, but I'll add some
definitions here which are covered in asynchronous lectures.

Definition 1.29. The Borel set B of R is the smallest o-algebra containing all open subsets of R.
Proposition 1.30. Compact subsets of R have finite measure.

Now here is a question. If f is continuous, we know f is Riemann integrable. How far away
can f be from continuous such that f is still Riemann integrable? Recall that we said a set £ C R
has measure 0 if Ve > 0, 3{(ax, bg) }32, such that £ C |J;{(ax,,bx,)} < e. If A C R is countable,
then it has measure 0. The Cantor set, which is uncountable also has measure 0. Given a bounded
function f : [a,b] — R, denote E(f) the set of discontinuities of f. Note that f is continuous iff
E(f) = 0.

Theorem 1.31. Let f : [a,b] — R be bounded. Then f is Riemann integrable iff u(E(f)) = 0.

Proof. Set E := E(f). Assume that E(f) = 0. Recall that f is not continuous at z iff
Je > 0(¥o > 03z, y € [z — 6,2+ I](|f(x) — f(y)] > €)).
For k € N, let
1

Ek:{zeM&HV5>Q3%yeLv—&z+ﬂ<ﬁ@ﬂ—f@ﬂ>k)}.

Then E = ;2 Ex. Also, Ej is closed, which is a claim, but also an exercise. Let € > 0. Then
there exists an open interval covering of E, {I;}%2, such that > 7, u(ly) < e. Fix k € N and
consider that Ej, is closed and bounded, so it is compact, and Ey, C U2y Ix. So Ey C Up_y Lo
Consider the set

a0\ | JIr = K.
/=1

Then K is compact, since it is a closed and bounded set. For all z € K, z ¢ E). Therefore, 3§ > 0
such that Va,y € [z — §, 2 + ],

1
F@) = f)l < -
Fix z € K, and now
K C U(275,2+5).
6>0

By compactness,
KC(z—Az+A)=],

where 0 < A < (b — a). Consider the intervals
LI, ..., I, J.

Let P be the partition of [a,b] arising from the endpoints these intervals. Then

U(f,P)=L(f,P) =) (S}ip f —inf f) ML)+ (sgpf — inf f> A(J)
1

<2|fll+ 10 —0)

< e[ fllo + (b= a)).

10



Conversely, assume that f is Riemann integrable. Write £ = U;’;l E}, as before. It suffices to show
that A(Ex) = 0, for all £ € N. Fix £ > 0. Then there exists a partition P = {I3,...,I,} such that
U(f,P)— L(f,P) <e. Consider J ={I; | I; N E # 0}. Then

S M) < U(fp) ~ LS, P) <

€
]{7’
ieJ

and By, € Uiy Li- 0

1.6 Lecture 6. Lebesgue Measurable Functions

Recall if f : A — B, then for U C B, f~(U) = {x € A | f(z) € U}. Also if Y is a collection of
sets in B, then

o (U a) = U ),

acY aceY
for any Y C B.

Definition 1.32. Let E be a measurable set. A function f : £ — R is called measurable if
F1((a, 0)) is measurable, for all a € R.

Example 1.33. Let E be a measurable set. Let xyg : R — R be the characteristic function of E.
Then xg is measurable. If a > 1, x5' (o, 00)) = 0. If 0 < « < 1, then x5 ((a,0)) = E. If e < 0,
then x5 ((a, 0)) = R.

In fact, for any £ C R, xg is measurable iff F/ is measurable.

Definition 1.34. A function f : R — R is called simple if there exists measurable disjoint sets
E;,CR,and ¢; € R, 71 =1,2,...,n, such that

n
f=> cixe.
1=1

Theorem 1.35. Simple functions are measurable.

1.7 Lecture 7. Simple Functions
Theorem 1.36. If f,g: R — R is measurable, then

1. f+ g is measurable,
2. cf is measurable, for all c € R,
3. fg is measurable,
4. ¢ o f is measurable, if ¢ : R — R is continuous.
Proof. We will prove 4. Let O C R be an open set. Then
(60 £)7H(0) = 1 (67(0)).

This is clearly measurable, since ¢ is continuous. O

11



Theorem 1.37. Let {fn}, frn: R — [—00,00] be a sequence of measurable functions. Then
1. sup,, fn is a measurable function,
2. inf,, f,, is a measurable function,
3. liminf,, _ o fn,limsup,,_,. frn are measurable.
4. If limy, o0 fn(x) exists for all x € R, then lim, o fn is measurable.
Proof. For 1, let f = sup,, fn- Let « € R. Then
fH(a,00)) = {z € R f(x) > a}
={z eR|IneZ", fu(z) > a}
= |J zeR| fulz) > a}

neZ+

= U £ ((a,00)).

nezt
We also need to check f~1({cc}) is measurable. Consider
FH({oo}) = {z € R | YN, 3n(fu(z) > N)}
= ) U zer]|(falz) > N)}

NeZ+t neZ+

= N U '@, ).

NeZ+t neZ+

For 2, perform the analogous analysis with (—oo, ). For 3, by part 2, inf;>,, f is measurable, and
by part 1, sup,, inf;>, fr is measurable. Lim sup case is done similarly. For 4, if the limit of a
sequence exists, it is equal to the lim inf of the sequence. ]

Here is the big kicker of the Lebesgue theory.

Theorem 1.38. Let f : R — [0,00] be measurable. Then there exists simple functions f, : R —
[—00, 0] such that

figfe<...

and limy,_,« fn, = f. Furthermore, on bounded sets, this convergence is uniform.

Proof. For k=1,2,... N2V let

E—1 k

Then let fy(z) = szziV %XEK (x), whenever f(x) < N, and fy(z) = N, whenever f(xz) > N.
It is clear that fy is dominated by f, and that f; < fo < .... It is a good exercise to prove that
fn — f pointwise. O

As a remark, f is measurable iff it is the limit of simple measurable functions.

12



1.7.1 Lebesgue Integral of Simple Nonnegative Measurable Functions

Definition 1.39. Let f : R — [0, o0] be a nonnegative simple measurable function, written canon-

ically:
k
f= Z CiXE;-
i=1

Then define

If A is measurable, let

IREE

Definition 1.40. Let f: A — [0, 00] be a measurable function. Define

/f:sup{/g\gissimple,and()gggf}.
A A

Theorem 1.41. The following are properties of the Lebesgue integral of nonnegative measurable

functions.

1. Let f: R — [0,00] be measurable. Then

/ f>0,VA C R measurable.
A

2. Let g : R — [0,00], g measurable, f < g almost everywhere. Then

frefs
IREYR:

1.7.2 Monotone Convergence Theorem

3. If A C B, then

Here’s a famous result of measure theory.

Theorem 1.42 (Monotone convergence theorem). Let f,, : A — [0, 00] be a sequence of measurable

functions such that
h<fh<.o

Let f =1limy, oo frn. Then
/f: lim fn-
A n—0o0 A

13



Proof. Since fn < fui1, [4fn < [4 fo+1, 80 limy oo [ fn exists, possibly infinite. Since f domi-

nates each f,,, we have -
N
A A

so we conclude lim,_,, [ 4 Jn < 1) 4 [+ Conversely,

/fzsup{/wlwissimple,oéwéf}
A A

. Fix a simple ¢, and let 6 € [0,1). For n € Z*, let A, = {z € R | fuo(x) > dp(x)}. Then
A=,2, 4, since f(z) = lim, o0 fn(z), V2 € A. Further, A, C 4,41 C .... Now,

[ 5= [ s,
> 5/ oXA,

—5 ;
., Lo

n g=1

—5ZCZIU, AOEZﬂEn)
=1

— lim fn>6ch,uAﬂE)

n—o0
_s /
Taking the supremum over ¢ tells us that

lim ,mzaff
n—oo

Taking § — 1,
i [ > /f
n—oo

2 Chapter 2. Integration

2.1 Lecture 8. Fatou’s Lemma, Lebesgue Integrals of Measurable Functions

Corollary 2.0.1 (Theorem 1.42). If f, is simple, with f1 < fo < ..., and f, — f pointwise, then

Af—ggéh.

Corollary 2.0.2 (Theorem 1.42). If f,g : R — [0, 00] is measurable, c € R™, then

1 [,(f+9) = [s ]+ [49, YA meausurable,

14



2. fAcf:cfAf.
Proof. Let (fn)n, (gn)n be sequences of simple functions, such that f1 < fo <...,and g1 < g2 < ...,

with f, — f, gn — ¢ pointwise. Then (f,, + gn) is a sequence of measurable simple functions, such
that f, + g — f + g pointwise. Therefore,

/f+g= lim /fn+gn
A n—oo A
~ lim fn+/gn

= lim / fn+ lim In
A A

n—o0 n—oo

frefa

Corollary 2.0.3 (Theorem 1.42). Suppose f, : R — [0, 00] is measurable, for alln € N. Then

/ka = Z/ fres VA measurable.
Ak=1 k=174

Proof. Set g, = > j_; fn. Then observe that g, — > p— fx, and g, is a monotone sequence. By
the MCT,

lim Gn = / lim g,

ig//xg":/fng"

O
2.1.1 Fatou’s Lemma
Theorem 2.1 (Fatou’s lemma). Let f, : R — [0, 00] be measurable, for alln € N. Then
/lim inf f, < lim inf/ s
A n—oo n—oo A
for all A measurable.
Proof. Let g, = infy>, fi. Then g, is measurable and monotonically increasing. Note that
limy, 00 gn = liminf,, s frn. Then by the MCT,
/ lim g, = lim In
ATL*)OO n—oo A
We note that g, < f,, so
A A
Taking lim infs,
liminf/ gn < liminf/ fn-
O
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If we have a lemma, we should aim to prove a theorem. This theorem happens to be Lebesgue’s
dominated convergence theorem.

2.1.2 The Lebesgue Integral

Definition 2.2. Let f : R — R. Define ft = mTJrf, fm = WT_f Note that f*, f~ > 0, and
f=/f"—f". Then define if [ f* < oo, and [ f~ < oo, we say f is integrable, and we set

-y fr
1= [ ra

Theorem 2.3. Let f,g: R — R be Lebesgue integrable. Then

If A C R is measurable, then we set

1. f+ g is Lebesgue integrable, and

/A(f+g) Z/Af—l-/Ag, VA measurable.

2. If c e R, then cf is Lebesque integrable, and

/cf = c/ f, VA measurable.
A A

3. The same triangle inequality for Riemann integrals holds:

[ o< [

Corollary 2.3.1. If f: R — R is integrable, then

Juw= 050t

Proof. If ¢ = fxa,% = fxB, then since AN B = (), we have

if A, B are measurable disjoint sets.

o+ = fxaus

:>/<P+/¢:/fXAuB
= Jut =L

Definition 2.4. A proposition P(z) depending on = € R holds almost everywhere if the set M for
which P(z) does not holds for all z € M has measure 0.

O

16



2.2 Lecture 9. Lebesgue’s Dominated Convergence Theorem

Theorem 2.5 (Dominated Convergence Theorem). Let A C R be a measurable set, and f, : A — R
be measurable functions for all m € N. Suppose f : A — R is such that f,, — f pointwise almost
everywhere. Suppose g : A — [0,00) is integrable, with |f,(x)| < g(z) for almost all x € A, for all

n € N. Then
[ fs

Proof. Set Ein) ={z e Al folx) A~ f(z)}. Set Ezn) ={z € A||fu(z)] > f(x)}. By assumption,

these sets each have measure 0. Setting Ey = (J,7, Eén), we know
MEz) < S AMEN) =0,
n=1

5o A(E2) = 0. We can similarly set £y = |2, Ei"), and deduce A\(E7) = 0. Then set £ = E; U Ey,
so and we will find A(E) = 0. It suffices to show that

/ s | f
A\E A\E

We have fp(x) — f, Vo € A\ E, and |f,(2)| < g(x),Vz € A\ E. We can rewrite the bounding of
fn as

Apply Fatou’s lemma:

/ liminf(f, 4+ ¢g) < lim inf/ (fn+9)
A A\E

\E n—oo n—oo
= f—l—/ g < liminf fn—i—/ g
A\E A\E n=oo JA\E A\E
= f <liminf fn.
A\E n=oo JA\E

On the other hand,
9(x) — fulz) 20, Vze A\E.

Apply Fatou’s lemma once more:
lim inf — ] < lim inf - f
Il\l /\ (9 n) 1 /\E(g n)

:>/ g—/ f§/ g—l—liminf/ (—=fn)
A\E A\E A\E n=oo JA\E

= f > limsup fn-
A\E n—oo JA\E

Altogether,

f <liminf fn <limsup fn < / f
A\E N0 JA\E n—oo  JA\E A\E

17



Therefore,

lim inf fn = limsup fr

s0 limy, o0 [ A\E fn exists, and

im [/ =/ f
=00 JA\E A\E

2.2.1 A Particular Banach Space

Definition 2.6. Let A C R be a measurable set. Fix p € [1, 00]. For now, assume p < co. We will
deal with p = 0o soon. Define

LP(A)={f: A—R||f[ is integrable}. *)

Lemma 2.7. The space LP(A) is a vector space under the ordinary function addition and scalar
multiplication by scalars in R.

Proof. Let c € R, f € LP(A). If [, |f|’ < oo, then

et = [1aimi=ter [ 1< .
/!f+g|p</!|f|+lgllp

ot [ +laP <

Let g € LP(A). Then

where (1) falls as a result of the convexity of z +— 2P, on [0,00), and is left as an exercise. O

We say the elements of LP(A) are p-integrable functions. Usually we say in the p = 1 case, that
the functions are integrable, and in the p = 2 case we say they are square-integrable.

Recall that a norm on a vector space V' is a function, written ||-|| traditionally, ||-|| : V" — [0, 00),
that is positive definite, homogeneous, and satisfies the triangle inequality.

Theorem 2.8. Let ||-|| : LP(A) — [0, 00), such that
1/p
_ p
i1, = ([ 1)

At this point this definition should immediately alarm us. Every function which is 0 almost
everywhere has integral 0, so this can’t be a norm. Worry not. When we talk about the space LP(A),
we treat it as a quotient space by the functions which are zero almost everywhere. Specifically,
consider L¥(A) to be the space of equivalence classes of functions within the definition (*), under
the equivalence relation f,g € LP(A), f = g if f = g almost everywhere.

But notably when working with functions in LP we almost never refer to them as equivalence
classes. We will ordinarily treat them as functions as expected, but for now we need to treat these
functions as equivalence classes.

Then ||-]| is a norm on LP(A).

18



Lemma 2.9. If f : R — [0,00) is such that [ f =0, then f =0 almost everywhere.

Proof. Let B, = {z € R| f(z) > 1}. Then

o:/fz/nfz/niziu(Bn»

Conclude p(By,) = 0. Thus p(U,ey Br) = 0, but U, ey Bn = {2 | f(z) # 0}. O
Corollary 2.9.1. If f € LP(A), then ||f|]p =0 iff f =0 almost everywhere.

Next time, we will show that ||-||, is a norm by showing the remainder of the properties hold.

3 Chapter 3. Lp Spaces

3.1 Lecture 10. Young’s Inequality, Holder’s Inequality, Minkowski’s Inequality
Theorem 3.1 (Young’s inequality). Suppose a,b € R, a,b > 0. Then

a? bl
ab < — + —,
p q
where p,q € (1,00),
1 1
Syt =
p q

Theorem 3.2 (Hoélder’s inequality). Suppose f,g: A — R for A C R Suppose that % + % =1, for
1 <p,qg<oo. Then

/A ol < 1£1L gl
[,
el ol =
S gl TP T gt
/A 1A Mol = /Ap 7P qllgl

1 1 / 1 1
_1 T / gl
oA L 9l /.

=1.

Proof. Tt suffices to prove that

By Young’s inequality,

Theorem 3.3. If f,g € LP(A), |lf +gll, < £l + llgll,-
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Proof. We have
||f+g||§=/ |f+g\p=/ Fagl 4
A A
s/ gt !f|+/ gl
A A

<Al 11CF + 9P|, + llgll, 1CF + 977, -

Consider that

i+l = ([ |+ o0

_ (/Al(f+g)”|>1/q

= ||f + gl
= |If+ gl < If + gl (£1, + llall,)
= |If +gl2 " < |I£1l, + llgll,

Butl—i—g:p,sop—%:l, and thus

1+ gll, < If1l, + gl -

Definition 3.4. A Banach space is a complete normed space.

Definition 3.5. A series ) 7, x,, in a normed space X converges iff its sequence of partial sums
{Sn}n converges. The series is said to be absolutely convergent if the series Y > | ||ay|| converges.

Theorem 3.6. Let X be a normed space. Then it is a Banach space iff every absolutely convergent
series is convergent.

The proof will be homework.

4 Chapter 4. General Measures

4.1 Lecture 12. Integrals Over General Measure Spaces

Let A = (a,b) C R. Recall that we defined

fllo = inf sup |f(z)| =esssupyf.
Il = iat , sup 1) )

Lemma 4.1. For f € L*(A), N ={x € A||f(x)] > ||fll} has measure zero.

Theorem 4.2. The function ||-|| is a norm on L*(A).
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Proof. Let f,g € L™(A). Let M ={z € A[[f(z)| > [|flloc}, N ={z € All|g(x)] > [lgllc}- Then
by our lemma, A(M) 4+ A(N) =0, and A(M U N) = 0. Consider

sup  [f(z)+g(z)| < sup  (|f(z)|+[g(2)])

z€A\(MUN) z€A\(MUN)
< sup  [f(@)[+ sup  [g(y)]
€A\ (MUN) yEA\(MUN)

< [ flloo + llgllos -

For homogeneity, let ¢ € R. Then

sup [cf(z)| = sup |e][f(z)]
zceA\M x€A\M

<le| sup |f(z)|
ze A\M

= |cfloe < el flloo -

If ¢ = 0, we are done, otherwise assume ¢ # 0, then

1 1
I = 2N < llefll = kel < el
Our lemma tells us that ||f| ., =0iff f =0 a.e. O

Proposition 4.3. For A = [a,b], L*([a,b]) C L*([a,b]), for p > 1.
Proof. Let f € L*([a,b]). Then

P P _ _ P
/Am <|rfuoo/Al—<b a) I
]

Before moving on the general measure spaces, we will quickly define the Lebesgue integral for
complex valued functions. Let f: R — C. Write f = g + ih, where g = Re(f),h = Im(f). If g,h
are both integrable, then we call f integrable, and let

[1= oo

We note that the triangle inequality for integrals still holds in the complex case:

[1l=[in

Let X be a set, let &7 be a g-algebra, or o-field over X. Let p : &7 — [0, 00] be a function satisfying
L pu(@) =0,
2. for A, e o7, i €N, A;NA; =0, i # j, we have

% (U Ai) = ZM(Ai)~
i—1 i—1

21
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Then we call © a measure, and we call (X, o/) a measurable space, and (X, .o/, 1) a measure space.
Given f: X — [0, 00], we define

/fdu=sup{/g\0<g<f,gsimple},

where a simple function is just as we have defined in the Lebesgue sense:
n
g:ZCiXAia Al?"'aAn€%7
i=1
and
n
/gdu = cip(A).
i=1
And for f: X — [—00, 00|, we take f = fT f~, and write

[ran=[rran- [ 1 an

It turns out that the monotone convergence theorem, Fatou’s lemma, and Lebesgue’s dominated
convergence theorem all hold with general measures. So what can we do with general measures?

Definition 4.4. A measure space (X, o7, u) is called o-finite if there exists (A4,)52; such that

AL C Ay C ... R
satisfying
o0
U 4. =X,
n=1
and

(Ay) < o0o,Vn € N.
We can clearly see that the Lebesgue measure induces a o-finite measurable space on R. Con-

sider that -
R= U [—n, n].

n=1

4.1.2 Product Measures

In general, R™ has a Lebesgue measure. It is much more difficult to construct this Lebesgue measure
if we were to replicate our construction in R. However, there is an easy alternative we can consider
when we study product measures.

Theorem 4.5. Let (X, .o/, u), (Y, PB,v) be measure spaces. Then (X XY, o/ ® B,T) is a measure
space, where o/ @ A is the o-field generated by Ax B, for A€ o/, B € B, and (A, B) = n(A)v(B),
for (A,B) € &/ @ A.
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Proof. Consider

k
= {UAi x B;, A; € o, B; e%,keN}.
i=1

Then R is closed under finite unions and complements. It is closed under complement, as

(Ax B)Y = (A% xY) U(A x BY).

On R, take R € R, and write

k
R = U A; X B;, as a disjoint union.
i=1

Define 7 = Zle w(Ai)v(B;). Then we claim that there exists an extension of 7p to & ® %, by
the theorem below. We call this extension 7 our product measure. ]

Theorem 4.6. If R is an algebra of sets, and <7 is a o-algebra generated by R. If m : R — [0, 00]
is a measure, then there exists T : o/ — [0,00], such that 7r = 7. If 7 is o-finite, then T is unique.

Example 4.7. Let (R,B(R),\). Then A x A : B(R?) — [0,00] is a measure. This measure
generalizes the notion of area on the plane.

Conjecture 1. Kakeya’s conjecture: hat is the region of smallest possible area in which it is possible
to rotate a needle 180 degrees in the plane? Such regions are called Kakeya needle sets.

This conjecture was solved recently in 2025, and of course, involves the study of two dimensional
Lebesgue measure.

4.1.3 Fubini’s Theorem

Theorem 4.8 (Fubini’s Theorem). For nonnegative f : X x Y — [0, o0],

[ femawsen = [ [ s = [ s

5 Chapter 5. Complex Analysis

5.1 Introduction
I skip ahead a bit. I'm following mostly Althor’s Complex Analysis.
Exercise 5.1 (Lagrange’s identity). Prove Lagrange’s identity:

2 n n o -
:Z‘ai|2z‘bi‘2— Z ‘aibj—ajbi‘ .
i=1 =1

1<i<j<n

Proof. Proof is by induction, and it turns out to be easier to work right-to-left. Consider

— 2
\a1b1|2 + |a1b2!2 + \a2b1|2 + |a2b2]2 — ’albg — azbl‘

= Jarbi* + Jarbsl? + Jazbi[? + lashsl® — arbs] — azbil? + 2 Re(arazbibs)

= \albl + CLQb2|2 .
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Assume that )

1 n—1
=Dl 3o~ DT faidy —aghil”
i=1

i=1 1<i<j<n—1

n—1
E aib;
i—1

We play the same game by massaging the rhs of our desired inequality:

SlalPY bl - Y Jaib; - abif’
=1

=1 = 1<i<j<n
n—1 n—1 )
S B Y fad e
=1 i=1 1<i<j<n—1

n—1 n—1
+1aal® S0P 4 b S il + lanbal?
i=1 i=1

n—1 o 9
- Z ‘anbi — aibn‘
=1

2

+ 1an 20 + 10023 Tail? + Janbn|?
=1 =1

_ nz_:l (W+W— 2 Re(@anabn))
i=1
2

n—1 n—1

= Z a;b;| + |anbn|2 + Z 2 Re(@;anbib,)
i=1 i=1

2

n—1
= Zaibi + |anbn|2 + 2Re (Z azanbzbn>

=1
2

n—1
= Zaibi + [anbn|* + 2 Re (a”bnzaibi>

i=1 i=1
n 2

5.2 Inequalities

There is no order relation in the complex-number system. Inequalities in complex analysis hence
must be between real numbers. From the definition of absolute value, we deduce

—la] <Rea < |a
—la| <Ima < |al.
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For example, to bound Re a, consider that if a = x + y1,
(Rea)? = 2% < 2? + 9% = |a)?
= |Real <|a].
Since we know for real numbers,
—|Rea] <Rea < |Reaql,

our bound is given by negating |Rea| < |a|. The proof is analogous for Im a.
We achieve equality Rea = |a| iff a is real, and & > 0. This much is clear: z = Va2 = |a].
Applying our bounds for Rea tells us

ja+b* = [al* + [b* +2Reab < [a|* + [b]* +2a| [b] = (la| + [b])*.

Our pops our triangle inequality:
|a+0b] < |a| + [0,

which for the modulus function, we will motivate geometrically later. Of course, by induction,

lar +az + ... +an| <lar| +lag| + ...+ |an].

5.3 Cauchy Residue Theorem

Last time we studied Laurent series, the complex analogues to Taylor series:

o0

Z cn(z —a)™.

n=—0oo

Let Ry :=limsup,_, . |c.|"/™. Let Ry = 7+ By our previous discussion, if Ry < Ra,

lim supnjoo len]
then the Laurent series is convergent in the region R; < |z —a| < Ra. Also, if § > 0, the Laurent
series is absolutely convergent in R;+4d < |z—a| < Re—3. (Of course, § is such that R1+9 < Ra—9.)
In the same ring, we have uniform convergence for the function f,(z) = Y.7__, cr(2 —a)*, that
is, fn = f=> 0" cn(z —a)” uniformly.
Differentiation. On this small é-ring, we can differentiate term-by-term, since we have uniform

convergence:
00

f(z) = Z nep(z —a)" L.

n=—oo

There are many nice results we’ve covered about analytic functions. Here is another.

Theorem 5.1 (Laurent expansion). Let 0 < Ry < Ry. Let f be an analytic function on the set
Q:={Ry <|z—a|] < Ra}. Then f has a Laurent series expansion

[e.9]

f(z) = Z cn(z—a)",  in Q.

n=—oo

We will use two theorems we have proven previously to prove this. Recall Cauchy’s theorem:
f:Q —= C, v a closed curve in €) implies fv f(2)dz = 0. Recall Cauchy’s integral formula: for the
same f,, (), we have ﬁ f7 ]g(fz) d¢ = f(z)n(y, z), where n(y, z) = ﬁ f,y dc/(¢ — 2).

We also would like to make formal a notion which we have become familiar with. Recall that
sums of curves 71, ...,7v, are the unions of curves: v; U...U~y,.
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Definition 5.2. A cycle is a sum of finitely many closed curves.

Definition 5.3. Let v be a cycle, v = v1 + ... + vn, where each ~; is a closed curve. The indezx of
a point p with respect to a cycle, n(v,p) is defined to be

n

n(v,p) = Y n(vip).

i=1
Naturally, let us extend Cauchy’s theorem and Cauchy’s integral formula to cycles.

Proposition 5.4. Let f : Q — C be analytic, and let v = v1 + ... 4+ n, where each v; s a closed
curve. Then the following hold.

1. fv f(z)dz=0.

2. n(v,2)f(2) = 55 [ £2d¢,vz= € Q\ v, if n(y,p) =0, for all p ¢ Q.

Proof (Theorem 5.1). Let v be the cycle defined by adding 7, the ring defined by R;, and o the
ring defined by Ro, both postively oriented. Then z € ) has index 1, so we can use our extended
Cauchy’s integral formula as follows:

1= g [ Face [ Hac

210 Jy, C— 2 ,C—z

The second integral reduces to a Taylor expansion:

r 1 1 1 z—a
C—Z_C—a—(z—a)_z—a(_g—a>‘

Consider an auxilary variable:

W = .
Z—a

Note that |w| < R% <= |z —a| > R—1. The function g(w) = f(a+ 1) is analytic in 0 < |w| < R%.
We note that g has a removable singularity at O:

lim |w||g(w)| =0,
n—0

since as w — 0, |g(w)| — 0.

Thus, we can assume that g(w) = cg + c1w + caw? + ..., and thus
1 f(Q) ¢l c2
— [ —=d( = .
2mi J,, (=2 ¢ CO+z—a+(z—a)2

on |z —al > Ry.
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